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REGULARIZED CURVE LENGTHENING FROM THE STRONG FCH FLOW
YUAN CHEN AND KEITH PROMISLOW
Abstract. We present a rigorous analysis of the transient evolution of nearly circular bilayer interfaces
evolving under the thin interface limit, ε ! 1, of the mass preserving L2-gradient flow of the strong scaling
of the functionalized Cahn-Hilliard equation. For a domain Ω Ă R2 we construct a bilayer manifold with
boundary comprised of quasi-equilibrium of the flow and a projection onto the manifold that associates
functions u in an H2 tubular neighborhood of the manifold with an interface Γ embedded in Ω. These
interfaces, and hence the bilayer manifold, are parameterized by a finite but asymptotically large number of
degrees of freedom. The manifold contains a unique, up to translation and mass constraint, equilibrium of
the gradient flow whose projected interface is circular up to exponentially small corrections. The thin tubular
neighborhood is forward invariant under the flow with orbits that ultimately converge to the equilibrium.
Projections of these orbits yield an interfacial evolution equivalent at leading order to the regularized curve-
lengthening motion characterized by normal motion against mean curvature, regularized by a higher order
Willmore expression. The curve lengthening is driven by absorption of excess mass from the regions of Ω
away from the interface, generically leading to nontrivial dynamics that are ill-posed in the εÑ 0 limit.
1. Introduction
Amphiphilic molecules are surfactants that form thin, bilayer interfaces comprised of two single-molecule
layers. The functionalized Cahn-Hilliard(FCH) free energy was introduced in [19] to model the free energy
of mixtures of amphiphilic molecules and solvent. It generalizes the model proposed by Gompper and Goos,
[22], that was motivated by earlier studies of scattering data. The FCH free energy is given in terms of the
volume fraction u´ b´ of the amphiphilic molecule over a domain Ω as
Fpuq :“
ż
Ω
ε
2
ˆ
∆u´ 1
ε2
W 1puq
˙2
´ εp´1
´η1
2
|∇u|2 ` η2
ε2
W puq
¯
dx, (1.1)
where W : R ÞÑ R is a smooth tilted double well potential with local minima at u “ b˘ with b´ ă b`,
W pb´q “ 0 ą W pb`q, and W 2pb´q ą 0. The state u ” b´ corresponds to pure solvent, while u ” b`
denotes a maximum packing of amphiphilic molecules. The system parameters η1 ą 0 and η2 characterize
key structural properties of the amphiphilic molecules. The small positive parameter ε ! 1 characterizes the
ratio of the length of the molecule to the domain size. The term εp´1 is a distinguished limit of a second
small parameter with the weak scaling p “ 2 balancing the Willmore-type residual of the dominant squared
term and the amphiphilic structure terms, while the strong scaling p “ 1 places these latter terms in a
position of dominance. We consider the strong scaling p “ 1, and refer the interested reader to [20] for a
detailed discussion of physical meaning of the parameters. The FCH is known to be bounded from below
over subsets of H2pΩq that incorporate a wide range of boundary conditions, [33].
The goal of this work is to characterize the evolution of bilayer distributions under a mass-preserving
gradient flow of the FCH energy. More specifically, to any smooth, embedded curve Γ Ă Ω we may associate
a bilayer distribution Φ “ ΦΓ P H2pΩq which is an approximate local minimizer of the FCH energy. In a
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neighborhood of Γ the bilayer distribution can be expressed as
ΦΓpx;σq “ φ0 pzq ` εσpW 2pb´qq2 , (1.2)
where z “ zpxq is ε-scaled signed distance to Γ, φ0 is the leading order bilayer profile defined as the unique
non-trivial solution of the ODE
B2zφ0 “W 1pφ0q, (1.3)
that is homoclinic to b´ as z Ñ ˘8, and σ is a spatial constant that determines the value of ΦΓ away from
Γ. The gradient flow preserves the system mass which is set by the initial data, u0. We scale the system
mass with ε ż
Ω
pu´ b´qdx “ εM0, (1.4)
and constrain the length of the interface Γ to be Op1q with respect to ε, so that mass of surfactant within an
ε-distance of Γ has the same scaling as the system mass. For a bilayer distribution ΦΓ the mass constraint
relates σ and the length of Γ through the leading order relation
|Γ| “ M0
m0
´ |Ω|pW 2pb´qq2 ¨
σ
m0
. (1.5)
where m0 denotes the bilayer mass-per-unit-length,
m0 :“
ż
R
pφ0 ´ b´qdz. (1.6)
It is instructive to examine the leading order reduction of the FCH energy at ΦΓp¨;σq. Accounting for
the mass-dependent slaving (1.5) the strong scaling of the FCH reduces to a Canham-Helfrich type energy
[6, 23]
EpΓ, σq :“ FpΦΓp¨;σqq “ νs
2
ż
Γ
|κ|2 ds` νb
2ε
pσ ´ σ1˚ q2, (1.7)
where σ1˚ is the leading order equilibrium value of the bulk parameter σ. The second term, scaled by ε
´1 can
be viewed as enforcing an equilibrium length on Γ through (1.5). The surface and bulk coefficients νs, νb ą 0
only depend upon the system parameters, the well convexity at b´, and the domain size |Ω|,
σ1˚ :“ ´η1 ` η22m0 m
2
1, νs “ m21, νb “ |Ω|pW 2pb´qq2 , m1 “ }φ
1
0}L2pRq. (1.8)
The equilibrium value σ1˚ can be interpreted as the value of σ at which absorption of surfactant into a bilayer
balances with ejection of surfactant out of the bilayer. The reduced energy reflects a strong preference for
a bulk density near the equilibrium value σ1˚ . This preference corresponds to a high energy of dispersed
surfactant and a correspondingly high rate of absorption. Bilayer distributions for which |σ´σ1˚ | “ Opεq stike
a balance between interfacial curvature, curve length, and bulk density that drives the complex interfacial
dynamics.
The nature of the interfacial evolution arising from gradient flows of the reduced energy (1.7) is better
understood through the normal velocity it induces on the interface Γ. Accounting for the slaving σ “ σp|Γ|q
from (1.5), formal arguments, [4], show that the full energy (1.1) and the reduced energy (1.7) both drive
a geometric gradient flow that dissipates the energy (1.7), at leading order through the regularized curve
lengthening normal velocity
VRCL “ ´ε´1m0pσ ´ σ1˚ qκ´ νs
ˆ
∆s ` κ
2
2
˙
κ. (1.9)
If the bulk density is lower than the equilibrium value, σ ´ σ1˚ ă 0, then the surface term induces a
mean curvature flow (MCF), which shortens the curve. If the bulk density exceeds the equilibrium value,
σ ´ σ1˚ ą 0, then the system dissipates total energy in a curve-lengthening motion against curvature,
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absorbing amphiphilic material from the bulk. We call this regime regularized curve lengthening, with the
higher order Willmore term serves as a singular perturbation that regularizes the ill-posed motion against
curvature.
We address the mass-preserving L2pΩq gradient flow of the FCH energy (1.1), written in terms of the
chemical potential F “ Fpuq, associated to F through the rescaled variational derivative
Fpuq :“ ε3 δF
δu
“ pε2∆´W 2puqqpε2∆u´W 1puqq ` εppη1ε2∆u´ η2W 1puqq. (1.10)
The mass-preserving FCH L2-gradient flow takes the form
Btu “ ´Π0Fpuq, (1.11)
subject to periodic boundary conditions on Ω Ă R2. Here Π0 is the zero-mass projection given by
Π0f :“ f ´ 〈f〉L2 , (1.12)
in terms of the averaging operator
〈f〉L2 :“
1
|Ω|
ż
Ω
f dx. (1.13)
We provide a rigorous justification of this regularized curve lengthening flow via an asymptotically large
dimensional center-stable manifold reduction in a vicinity of the equilibrium arising from the bilayer distri-
bution with a circular interface Γ0.
(a) t “ 0 (b) t “ 367 (c) t “ 930 (d) t “ 1175
Figure 1) Numerical simulation of the strong FCH mass preserving L2 gradi-
ent flow on Ω “ r´2pi, 2pis2 from initial data u0 “ ΦΓpx;σq with Γ a circle
and σ “ 2σ1˚ , double the equilibrium value. Left to right, color coded contours
of the evolving solution u “ uptq at indicated times, show a meandering tran-
sient followed by relaxation to a circular equilibrium with larger radius. System
parameters are ε “ 0.20, η1 “ 1.45 and η2 “ 2.0.
We construct a manifold with boundary contained in H2pΩq whose constituent points are refinements of
the bilayer distributions that are quasi-equilibrium of the system (1.11). This is the bilayer manifold, Mb,
and it possesses a nonlinear projection that uniquely decomposes functions u from an open neighborhood
of Mb into a point on the manifold (a bilayer distribution) and a perturbation that is orthogonal to the
tangent plane. The interfaces Γ “ Γp that define the bilayer distributions, and hence the bilayer manifold,
are parameterized by an asymptotically large but finite set of meander parameters p “ pp0, ¨ ¨ ¨ ,pN1´1q,
which characterize the shape of Γp as a perturbation of a fixed base interface Γ0. The bilayer manifold
contains an equilibrium of the flow whose associated interface is, up to exponentially small terms, circular.
Initial data from a thin tubular neighborhood of the manifold remain inside the tubular neighborhood for
all time, and converge to the nearly circular equilibrium on an Opε´4q time scale. During this time the
interfaces Γpptq are defined from the projection of uptq onto the manifold and they evolution has a normal
velocity that, at leading order, reduces to the regularized curve lengthening flow (1.9).
The refined bilayer distribution, denoted Φp, is introduced in Lemma 3.4. We identify two frequency
separated slow spaces, the pearling and meandering spaces, as small eigenvalue spaces of the second variation
of the FCH energy at Φp. The meandering slow space approximates the tangent space of a bilayer manifold
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at Φp and is connected to the parameterization of the associated interface Γp. In particular, p0 scales the
length of Γp, p1,p2 are translation parameters, and pˆ “ pp3, ¨ ¨ ¨ ,pN1´1q characterizes the shape deviation
from the base interface Γ0. The pearling slow space is associated to weakly damped modes that encode
spatially periodic modulations of the width of the bilayer distribution near the interface Γ.
The construction of the bilayer manifold requires that the base interface Γ0 and the scaled system mass
M0 be mass-compatible, in the sense that
|σ0pΓ0,M0q ´ σ1˚ | ď δ, (1.14)
where σ0 is slaved to Γ0 and M0 through (1.5), and δ ą 0 is a small parameter independent of ε. We define
Mb as the graph of Φp for p in the domain Oδ, defined in (4.2), viz.
MbpΓ0,M0q :“
"
Φppσq
ˇˇˇ
p P Oδ, 〈Φp ´ b´〉L2 “
εM0
|Ω|
*
. (1.15)
Here σ “ σppq the bulk density parameter is slaved to p to guarantee that Φp has the system mass prescribed
in (1.4). In a companion paper, [8], we establish the stability of the bilayer manifold up to its boundary.
This requires a pearling stability condition
pPSC˚q σ1˚S1 ` pη1 ´ η2qλ0 ą 0, (1.16)
on the system parameters η1 ą 0 and η2 P R, that renders the pearling modes linearly stable. Here λ0 ă 0
is the ground state eigenvalue of the linearization of (1.3) about φ0, and S1 P R depends only upon the form
of the double well, W . A detailed investigation of the onset of the pearling instability was conducted in
[11, 30]. Working in the H2 inner norm,
}u}H2in :“
b
}u}2L2pΩq ` ε4}u}2H2pΩq, (1.17)
the companion paper considers a bilayer manifold constructed from a smooth, embedded base interface Γ0
and shows that solutions of the gradient flow arising from initial data within Opε5{2q of Mb remain within
twice that distance of the manifold so long as their projected parameters pptq reside in Oδ. That is, the only
way to leave the tubular neighborhood of Mb is through its boundary. This exit corresponds to generation
of large curvatures in the associated interface Γp or in its proximity to self-intersection. A key obstacle is to
control the coupling between the evolution of the meander modes and the pearling modes, as the pearling
modes are only weakly damped by the gradient flow.
In the current work we consider a bilayer manifold, Mb build around a circular base interface Γ0. We
assume the pearling stability condition holds and restrict the bilayer manifold to a smaller base domain
Oδ˝ Ă Oδ, see (5.12), and establish that solutions uptq arising from initial data from an Opε5{2q tubular
neighborhood of the bilayer manifold, remain within twice this distance to the manifold for all time and
ultimately converge to the unique, up to translation, equilibrium corresponding to the circular interface with
prescribed system mass. Moreover we show that at leading order the normal velocity of the interfaces Γpptq
arising as projections of uptq is given by the regularized-curve lengthening flow (1.9). The most significant
impact of the restriction to Oδ˝ is the constraint on the bulk density of the initial data. This must satisfy
|σ0 ´ σ1˚ | ď Cε1{2δ (1.18)
for some positive constant C. This restricts the interface length, controlled by p0 to lie within Opε1{2δq of
the equilibrium interface length, p0˚ which is set by the system mass. This condition also restricts the initial
value of the reduced energy EpΓ, σq to be Opδ2q and leads the requirement that the system mass M0 and
base interface Γ0 form an admissible pair, see (3.40).
The analysis uses three small parameters: ε P p0, ε0q, ρ, δ. The parameter ε0 establishes the upper bound
for the values of ε for which the principle results hold. The spectral parameter ρ ą 0 controls the size of the
meander and pearling subspaces scaling their dimension N „ ε´1ρ. The parameter δ ą 0 predominantly
controls the size of the domain Oδ˝ of the meander parameters. We restrict δ ą 0 sufficiently small to prevent
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self-intersection of the curves, to define the nonlinear projection, and to close certain nonlinear estimates,
as in Lemma 5.5. We choose ρ and ε0 sufficiently small to separate the wave numbers of the pearling and
meander modes that reduces the coupling between the meander and pearling modes in Lemma 3.13. Finally
in Step 1 and 2 of Theorem 5.8 we select ε0 sufficiently small in terms of δ and ρ to close the nonlinear
estimates for all ε P p0, ε0q. In Proposition 5.9 we show that the formal normal velocity Vp, (4.9), which
slightly refines VRCL, captures the leading order normal motion as described by the evolution of the meander
parameters. The meander evolution is driven at leading order by the projection of the formal normal
velocity onto the Galerkin space of Laplace-Beltrami modes that characterize the interfacial shapes, (4.10).
However the Galerkin space only has dimension Opε´1ρq, and consequently the projection induces additional
truncation errors. Indeed the largest error in the discrepancy between the normal velocity and Vp comes
from the truncation of the surface diffusion term, ∆sκ, under the Galerkin projection.
The reduced energy (1.7) and the regularized curve lengthening flow (1.9) have a connection to the Euler-
Bernoulli energy for an elastica and its gradient flow subject to a constant length constraint. The reduced
energy can be viewed as a penalty method that enforces the length constraint through (1.5), with the flow
modeling the over-damped relaxation of a slightly compressible elastica whose initial configuration can admit
some pre-compression or pre-extension of its relaxed length. There is a substantial literature, [28, 38], on
the Euler-Bernoulli energy that includes analysis of equilibrium and asymptotic behaviour. In particular,
circles, self-intersected figure eights, and their multiple folds are the only equilibrium solutions, and any
initial smooth curve without self-intersection relaxes to a circle.
It is natural to compare the result for bilayer interface dynamics with those derived for the front solutions of
the Cahn-Hilliard equation. For the Cahn-Hilliard, much of the initial work, notably [31] and [1], focused on
formal and rigorous derivations of the Mullins-Sekerka flow in the ε Ñ 0 limit. Quasi-stationary dynamics
based upon a radial scaling and translation parameters were derived in [2, 3] in 2D and 3D. The FCH
gradient flows differ from Cahn-Hilliard flows in that its sharp interface limit, ε Ñ 0, is ill posed. The
Γ-limits constructed in [34] consider the case η2 “ η1 ă 0, for which the Willmore and functionalization
terms act in concert. This is fundamentally different than the competition between these terms expressed
in the the strong FCH. This competition leads to a wide variety of minimizing sequences from H2pΩq whose
energy are bounded as εÑ 0` but are not readily associated to bilayers. These include the pearled interfaces
constructed in [32], as well the cylindrical filaments studied in [16, 4]. Pearling can lower the free energy of
a bilayer distribution by modulating the width of the level sets of u near an interface. The pearling modes
manifest themselves in the analysis herein as they are at best weakly damped under the flow. As outlined
in [8], this requires a separation of the frequencies of the the meandering and pearling modes so as to more
tightly bound the projection of the interface motion residual onto the pearling modes. This key step in the
analysis of the FCH bilayers has no analogy within the study of the fronts solutions in the Cahn-Hilliard
model.
Nevertheless the Cahn-Hilliard equation and the FCH gradient flow both enjoy structure-structure in-
teractions compatible with the Lifschitz-Slyosov-Wagner (LSW) theory of coarsening introduced in [27] and
[36] which reduces the interactions of finite numbers of near-circular interfaces to systems of ODEs for the
radii and center positions. Formal reductions similar to LSW theory for the FCH, including interactions of
constant curvature codimension one and two structures were derived in [16].
The remainder of this article is organized as follows. In Section 2, we present the local coordinates
and finite dimensional variation of the interface. In Section 3 we construct the bilayer distributions Φp
whose image under the map p ÞÑ Φp defines the bilayer manifold Mb. We establish the coercivity of the
linearization Π0Lp of the gradient flow about Φp when the operator is restricted to act on the orthogonal
compliment to the slow space. In section 4 we derive the dynamics of meandering parameters p by projecting
the residual FpΦpq onto the tangent plane of the manifold. In section 5 close the nonlinear estimates which
reduce the nonlinear flow to an ODE on the tangent plane of Mb, this concludes with the statement of
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asymptotic stability of the circular equilibrium and the rigorous reduction of the finite dimensional meander
evolution to the curvature driven evolution of the regularized curve-lengthening flow.
1.1. Notation. We present some general notation.
(1) The symbol C generically denotes a positive constant whose value depends only on the system
parameters η1, η2, mass parameter M0, the domain Ω, and radius of initial circle R0. In particular
its value is independent of ε and ρ, so long as they are sufficiently small. The value of C may vary
line to line without remark. In addition, A À B indicates that quantity A is less than quantity B up
to a multiplicative constant C as above, and A „ B if A À B and B À A. The expression f “ Opaq
indicates the existence of a constant C, as above, and a norm | ¨ | for which
|f | ď C|a|.
(2) The quantity ν is a positive number, independent of ε, that denote an exponential decay rate. It
may vary from line to line.
(3) If a function space XpΩq is comprised of functions defined on the whole spatial domain Ω, we will
drop the symbol Ω.
(4) We use 1E as the characteristic function of an index set E Ă N, i.e. 1Epxq “ 1 if x P E; 1Epxq “ 0
if x R E. We denote the usual Kronecker delta by
δij “
"
1, i “ j;
0, i ‰ j.
(5) For a finite vector q “ pqjqj , we denote the norms
}q}lk “
˜ÿ
j
|qj |k
¸1{k
, for k P N`,
and }q}l8 “ maxj |qj |. For a matrix Q “ pQijqij as a map from l2 to l2 has operator norm l2˚ defined
by
}Q}l2˚ “ supt}q}l2“1u
}Qq}l2 .
We write
qj “ Opaqej , Qij “ OpaqEij ,
where e “ pejqj is a vector with }e}l2 “ 1 or E is a matrix with operator norm }E}l2˚ “ 1 to imply
that }q}l2 “ Opaq or }Q}l2˚ “ Opaq respectively. See (2.33)-(2.34) of Notation 2.8 for usage.
(6) The matrix eθR denotes rotation through the angle θ with the generator R. More explicitly,
R “
ˆ
0 ´1
1 0
˙
, eθR “
ˆ
cos θ ´ sin θ
sin θ cos θ
˙
.
2. Perturbed interfaces and local coordinates
We consider smooth closed interfaces Γ immersed in Ω and parameterized by γ : I ÞÑ Ω, where I is
the periodic interval of length 2piR0. The following class of curves parameterized are smooth and do not
self-intersect.
Definition 2.1. Given K, ` ą 0 and an integer k ą 0 the class GkK,` consists of closed curves Γ embedded
in Ω whose parameterization γ has the properties (a) }γ}Wk,8pI q ď K and (b) for any points two points
on I that satisfy |s1 ´ s2|I ą 1{p2Kq then |γps1q ´ γps2q| ą `. Here | ¨ |I denotes the periodic distance
|s|I “ min
 ˇˇ
s´ 2piR0k
ˇˇ
: k P Z(.
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For each Γ P G2K,` with ` ď
?
2pi{K there exists a tubular neighborhood, Γ` of Γ with thickness `, such
that the change of coordinates x ÞÑ ps, rq through
x “ γpsq ` rnpsq, (2.1)
is well posed. Here n “ e´piR{2γ1{|γ1| the outer normal of Γ and r “ rpxq the signed distance of x to the
curve Γ. Introducing the scaled distance z “ r{ε P r´`{ε, `{εs, we refer to pz, sq as the local coordinates near
Γ.
In the sequel we fix a base interface Γ0 which is a circle with radius R0 ą 0 and constant curvature
κ0 “ ´1{R0, (2.2)
and the local coordinates are defined on all of Ω minus the center of the circle. Let γ0 “ γ0psq be the
parameterizetion by arc-length of Γ0, that is, |γ10psq| “ 1 for all s lies on the periodic domain I . The
Laplace-Beltrami operator is denoted by ´∆s : H2pI q Ñ L2pI q and its scaled eignevalues tβ2ku8k“0 and
normalized eigenfunctions tΘku8k“0 satisfy,
´∆sΘk “ β2kΘk
L
R20. (2.3)
The ground state eigenmode is spatially constant:
Θ0 “ 1{
a
2piR0, β0 “ 0; (2.4)
and for k “ 1, 2 ¨ ¨ ¨ ,
Θ2k´1 “ 1?
2piR0
cos
ˆ
ks
R0
˙
, Θ2k “ 1?
2piR0
sin
ˆ
ks
R0
˙
; and β2k´1 “ β2k “ k. (2.5)
We construct interfaces that are perturbations of Γ0 parameterized by an N1-vector p. The construction
cuts off high-frequency modes. We split the parameter vector
p “ pp0,p1,p2, pˆq, pˆ “ pp3,p4, ¨ ¨ ¨ ,pN1´1q, (2.6)
in which p0 scales the length of the perturbed interface, p1,p2 translate it, and pˆ deviates the perturbed
interface from circularity. The following weighted spaces control pˆ.
Definition 2.2 (Weighted perturbation space). Let D be the pN1 ´ 3q ˆ pN1 ´ 3q diagonal matrix
D “ diagtβ23 , β24 , ¨ ¨ ¨β2N1´1u. (2.7)
We say pˆ lies in Vkr if }pˆ}Vkr :“ }Dr{2pˆ}lk ă 8, or more precisely,
}pˆ}Vkr “
˜
N1´1ÿ
j“0
βkrj |pj |k
¸1{k
ă 8. (2.8)
When k “ 1, we omit the superscript k and denote the space by Vr.
The p-variation of Γ0 is given below.
Definition 2.3 (Perturbed interfaces). Fix C À 1 and let δ ą 0 be a small parameter, independent of ε. For
each p from the set
Dδ :“
!
p P RN1
ˇˇˇ
p0 ą ´1{2, |p1| ` |p2| ` }pˆ}V2 ď C, }pˆ}V1 ď Cδ
)
, (2.9)
we define the p-variation of Γ0, denoted by Γp, via the parameterization
γppsq :“ p1` p0qγp¯psq{Appq ` p1Θ0E1 ` p2Θ0E2, for s P I . (2.10)
Here Appq ą 0 normalizes the length of the perturbed parameterization γp¯,
Appq “ |Γ0|´1
ż
I
|γ 1¯ppsq| ds, |Γ0| “ 2piR0, (2.11)
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given by
γp¯psq “ γ0psq ` p¯ps˜qn0psq (2.12)
where n0psq is the outer normal vector of the circle Γ0 parameterized by its arc-length parameter s while
p¯ps˜q :“
N1´1ÿ
i“3
piΘ˜ips˜q, Θ˜ips˜q :“ Θi
ˆ
2piR0s˜
|Γp|
˙
, (2.13)
are parameterized by arc length of γp, denoted s˜ “ s˜psq P Ip “ r0, |Γp|s, obtained as the solution of
ds˜
ds
“ |γ1p|, s˜p0q “ 0. (2.14)
Remark 2.4. (1) The definition of Γp is implicit in p through (2.10) and (2.13)-(2.14). This implicit
definition is well posed for p satisfying (2.9), see Lemma 2.10 of [8]. The small assumption on }pˆ}V1
prevents self intersection of the perturbed curve, see Lemma 2.11 of [8]. The implicit definition
insures the orthogonality (2.15) of Θ˜i in L
2pIpq,ż
Ip
Θ˜jΘ˜k ds˜ “ p1` p0qδjk, j, k “ 0, 1, . . . , N1 ´ 1. (2.15)
(2) The p0-term scales the length of the curve from 2piR0 to 2pip1 ` p0qR0. The parameters p1 and p2
serve to translate the interface. The perturbation they induce is not normal to the original interface,
however its projection onto n0 satisfies
Θ0E1 ¨ n0 “ 1?
2piR0
cos
s
R0
“ Θ1, Θ0E2 ¨ n0 “ 1?
2piR0
sin
s
R0
“ Θ2. (2.16)
From the definition, we have |Γp| “ 2piR0p1 ` p0q. It follows from (2.3) and (2.13) that the scaled
Θ˜j “ Θ˜jps˜q satisfy
´ Θ˜2j ps˜q “ β2p,jΘ˜jps˜q, βp,j “ βjR0p1` p0q . (2.17)
Here and below, primes of Θ˜j denote derivatives with respect to s˜. We remark that βp,j equals βj{R0 when
p “ 0, rather than βj . The orthogonality (2.15) implies
}pˆ}V2k „ }p¯}HkpIpq, }p¯pkq}L8pIpq À }pˆ}Vk , (2.18)
for all p P Dδ where the implied constants depend only upon R0.
The following embeddings are direct results of Ho¨lder’s inequality and the asymptotic form of βj introduced
in (2.5), details are omitted.
Lemma 2.5. Suppose that pˆ P l8pRN1q, then }pˆ}V20 “ }pˆ}l2 and
}pˆ}Vk À }pˆ}V2k`1 , }pˆ}Vrk`1 À N1}pˆ}Vrk , }pˆ}Vk À N
k`1{2
1 }pˆ}l2 .
In addition, for any vector a P l2pRmq we have the dimension dependent bound
}a}l1 ď m1{2}a}l2 . (2.19)
When developing expansions of the interface Γp it is convenient to build in the uniform rescaling and
translations associated to pp0,p1,p2q so that the expansions are controlled by pˆ. To this end we define the
leading order perturbed interfacial map
γp,0 “ p1` p0qγ0psq ` p1Θ0E1 ` p2Θ0E2, (2.20)
whose interface Γp,0 is a translated, scaled circle with constant curvature κp,0. We assume p P Dδ, (2.9),
holds in the sequel.
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Lemma 2.6 (Geometric quantities of Γp). The length normalization Appq depends quadradically upon pˆ,
and the length of Γp depends only on p0,
Appq “ 1`Op}pˆ}2V1q; |Γp| “ p1` p0q|Γ0|. (2.21)
The gradient of A with respect to p satisfies
}∇pA}l2 À }pˆ}V22 .
The curvature of Γp, defined by
κp :“ γ2p ¨ np{|γ1p|2, with np “ e´piR{2γ1p
L|γ1p| (2.22)
admits the expansion
κppsq “ κp,0 `Q1 `Q2, κp,0 “ ´ 1
R0p1` p0q . (2.23)
where the linear approximation is given by
Q1 “ 1p1` p0qR20
N1´1ÿ
j“3
p1´ β2j qpjΘ˜j ,
and the quadratic remainder Q2 satisfies
}Q2}L2pIpq À }pˆ}2V22 , }Q2}H1pIpq À }pˆ}V23}pˆ}V22 ,
}Q2}H2pIpq À }pˆ}V24}pˆ}V22 ; }Q2}H3pIpq À }pˆ}V25}pˆ}V22 ` }pˆ}V23}pˆ}V24 .
The curvature κp and normal np depend only on p0 and pˆ, and satisfy the following bounds
}κp}L8 ` }ε2∆spκp}L8 À 1` }pˆ}V2 ; |np ´ n0| À }pˆ}V1 , (2.24)
Moreover, the perturbed and original normal satisfy the relation
np ¨ n0 “ 1`Op}pˆ}2V1q. (2.25)
Proof. The length of Γp follows from its definition, and the approximation of Appq and its gradient estimate
are given in Lemma 2.11 of [8]. Taking the derivative of γp in (2.10) and using n
1
0 “ ´κ0γ10 we find
γ1p “ 1` p0Appq
”`
1´ κ0p¯ps˜q
˘
γ10 ` p¯1ps˜q|γ1p|n0psq
ı
, (2.26)
and hence for pˆ P V2 we have the approximations
|γ1p| “ 1` p0Appq p1´ κ0p¯q `Op}pˆ}
2
V1q, |γ1p|1 “ Op}pˆ}V1q. (2.27)
To obtain an approximation of the curvature κp we take an additional s derivative of (2.26). Using the
relation between the tangent and normal we find the equality
γ2p “ 1` p0Appq
„´
κ0 ` p1` p0q
2
A2ppq p¯
2ps˜q ´ κ20p¯`Q2,0
¯
n0 ´ 2κ0p¯1ps˜q|γ1p|γ10

.
Here Q2,0pγ2pq takes the explicit form
Q2,0 “
ˆ
|γ1p|2 ´ p1` p0q
2
Appq
˙
p¯2 ` p¯1|γ1p|1
and is an intermediate quadratic remainder from (2.27). From the tangent and normal relation: n “
e´piR{2γ1, we deduce from (2.26) that
e´piR{2γ1p “ 1` p0Appq
”
p1´ κ0p¯ps˜qqn0 ´ p¯1ps˜q|γ1p|γ10
ı
, (2.28)
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which when dotted with the approximation for γ2p implies
e´piR{2γ1p ¨ γ2p “
ˆ
1` p0
Appq
˙2 „
κ0 ` p1` p0q
2
A2ppq p¯
2 ´ 2κ20p¯`Q2,1

,
in which Q2,1 is a quadratic term given by
Q2,1 “ Q2,0p1´ κ0p¯q `
„
´κ0p¯
ˆ p1` p0q2
A2ppq p¯
2 ´ κ0p¯
˙
` `2κ0p¯1|γ1p| ` κ10p¯˘ p¯1|γ1p| .
Finally, in light of (2.27) we rewrite
1
|γ1p|3 “
ˆ
Appq
1` p0
˙3
p1` 3κ0p¯`Q2,2q , Q2,2 :“ 1|γ1p|3 ´ 1´ 3κ0p¯,
and substituting these expressions in (2.22) we obtain the curvature expansion,
κp “ Appq
1` p0
„
κ0 ` κ20p¯` p1` p0q
2
A2ppq p¯
2ps˜q `Q2,3

where Appq “ 1`Op}pˆ}2V1q and the final quadratic remainder takes the form
Q2,3 :“ Appqp1` p0q2 e
´piR{2γ1p ¨ γ2p Q2,2 ` p1` p0q
3
A3ppq
1
|γ1p|3 Q2,1 ` 3κ0p¯
„ p1` p0q2
A2ppq p¯
2 ´ 2κ0p¯

.
The form of the expansion (2.23) follows from the definition of p¯, (2.21), and pAppq ´ 1q is quadratic. The
Hk estimates of Q2 follows directly from the formula for the quadratic terms, the independence of Appq from
s˜p, and the embedding estimates in Lemma 2.5.
The curvature bounds in (2.24) follow directly from these expansions and the embedding estimate of
Lemma 2.5. To establish that the normals are nearly parallel, from the definition (2.22) of np we have
np ¨ n0 “ e
´piR{2γ1p
|γ1p| ¨ n0.
The estimate (2.25) follows directly by (2.28) and (2.27). This completes the proof. 
In Lemma 2.11 of [8] it is established that there exists K, `, and δ ą 0 depending only upon the choice of
R0 such that for each p P Dδ the curve Γp P G2K,2`. In particular Γp has a tubular neighborhood of width
2`, denoted Γ2`p and called the reach of Γp, in which the local coordinates psp, zpq are well defined. On the
interface Γp, where zp “ 0, we have the relation sp “ s. The coordinate systems are summarized in the
following table.
Curve Parameterization Arc-length Neighborhood Local coordinates Arc-length extension
Γ0 γ0psq, s P I s P I Γ2`0 ps, zq, s P I s P I
Γp γppsq, s P I s˜ P Ip Γ2`p psp, zpq, sp P I s˜p P Ip
Table 1. Table of Local Coordinates: I “ r0, |Γ0|s and Ip “ r0, |Γp|s. The geometric
quantities np,γp and κp on Γp have natural extensions to Γ
2`
p .
We say a function f “ fpspq lies in L2pIpq if
}f}2L2pIpq :“
ż
I
f2pspq|γ1p|dsp ă 8 or equivalently
ż
Ip
f2pspqds˜p ă 8.
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Notation 2.1. To simplify the presentation of the subsequent calculations, we will use the blanket notation
hpzp,γpkqp q for any smooth function defined in Γ2`p that decays exponentially close to a constant as |zp| Ñ 2`{ε
and depends upon sp only through |γ1p|, κp,np ¨ n0 and their scaled derivatives εk∇ksp of order up to k. In
particular, if h is independent of zp, then we denote it by hpγ2pq.
Similarly, hpγ2p,0q denotes a smooth function whose sp dependence arises from the leading order perturbed
curve γp,0 through its geometric quantities |γ1p,0|, κp,0,np,0 ¨n0 and εkBksp their scaled derivatives up to order
2.
We will frequently decompose these quantities in the form
hpzp,γ2pq “ hpzp,γ2p,0q `
`
hpzp,γ2pq ´ hpzp,γ2p,0q
˘
, (2.29)
in order to obtain Lipschitz type estimates on the difference in terms of pˆ. This is formalized in the following
Lemma.
Lemma 2.7. Suppose h “ hpγ2pq enjoys the properties of Notation 2.1, and is decomposed as in (2.29). Then
the leading order term hpγ2p,0q is a constant independent of s˜p and if pˆ P V2, then
}hpγ2pq ´ hpγ2p,0q}L2pIpq À }pˆ}V22 ; (2.30)
and if pˆ P V23, then for l ě 1, ›››εl´1Blsp `hpγ2pq ´ hpγ2p,0˘›››
L2pIpq
À }pˆ}V23 . (2.31)
Proof. Estimates in (2.30)-(2.31), can be derived directly by the approximations of |γ1p|, κp and np in (2.27),
(2.23). We only need to verify hpzp,γ2p,0q is independent of sp. This is true since |γ1p,0| “ 1` p0 by (2.27),
κp,0 admits form in (2.23) and
n0 ¨ np,0 “ 1, for np,0 “ e
´piR{2γ1p,0
|γ1p,0|
. (2.32)
Here we used (2.28) with pˆ “ 0. 
Lemma 2.8. Recalling the notation of section 1.1, if f P L2pIpq, then there exists a unit vector e “ peiq
such that ż
Ip
fΘ˜i ds˜p “ Op}f}L2pIpqqei. (2.33)
If in addition f P L8 on Ip, then for any vector a “ pajq P l2, we haveˇˇˇˇ
ˇÿ
j
ż
Ip
fΘ˜iajΘ˜j ds˜p
ˇˇˇˇ
ˇ À }a}l2}f}L8ei, (2.34)
and there exists a matrix E “ pEijq with l2˚ norm one, such thatż
Ip
fΘ˜iΘ˜j ds˜p “ Op}f}L8qEij . (2.35)
Proof. The estimates follow from Plancherel and classic applications of Fourier theory. 
The following Lemma estimates the p-variation of the local coordinates associated to Γp which is quoted
from Lemma 6.2 of [8]. In particular it estimates the difference between psp, zpq and ps, zq in terms of p.
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Lemma 2.9. Let psp, zpq be the local coordinates subject to Γp on Γ2`p . Assuming (2.9) the tangent coordinate
sp satisfies
}∇psp}L2pIpq À 1;
while zp have the p-gradient
Bzp
Bpj “ ε
´1ξjpspq,
where ξj is a function of sp given explicitly by
ξjpspq “
$’’’’’’&’’’’’’%
´
ˆ
R0 ` p¯
A
p1´ p1` p0qBp0 lnAq ´ s˜pp¯
1
A
˙
n0 ¨ np, j “ 0
´Θ0Ej ¨ np, j “ 1, 2;
´
ˆ
Θ˜j ´ p1` p0qBpj lnA
A
pR0 ` p¯q
˙
n0 ¨ np j ě 3.
Moreover, we have the estimate
|sp ´ s| À }p}l1 , |zp ´ z| ď ε´1}p}l1 . (2.36)
We conclude this section by introducing the L2-inner product and Cartesian Laplacian in the local coor-
dinates of Γp. For any a ą 0 we define the interval
Ra “ r´a{ε, a{εs. (2.37)
For each f, g P L2pΩq with support in Γ2`p , their L2-inner product can be written in local coordinates psp, zpq
as
〈f, g〉L2 “
ż
R2`
ż
I
fpsp, zpqgpsp, zpqεp1´ εzpκpq|γ1p|dspdzp; (2.38)
or equivalently in terms of ps˜p, zpq with ds˜p “ |γ1p|dsp and s˜p P Ip as
〈f, g〉L2 “
ż
R2`
ż
Ip
fpsp, zpqgpsp, zpqεp1´ εzpκpqds˜pdzp. (2.39)
The ε-scaled Laplacian admits the local expansion
ε2∆x “ B2zp ` εHpBzp ` ε2∆g, ∆g :“ ∆sp ` εzpDsp,2, (2.40)
where Hp is the extended curvature
Hppsp, zpq :“ ´ κpspq
1´ εzpκpspq , (2.41)
´∆sp “ ´B2s˜p is the Laplace-Beltrami operator on the surface Γp and Dsp,2 is a relatively bounded pertur-
bation of ∆sp . In particular,
Dsp,2 “ apsp, zpq∆sp ` bpsp, zpqBsp , (2.42)
where the smooth coefficients a, b are given explicitly by
apsp, zpq “ pεzpq´1
ˆ
1
|1´ εzpκp|2 ´ 1
˙
, bpsp, zpq “ pεzpq
´1
2|γ1p|2 Bspapsp, zpq. (2.43)
3. Bilayer manifold and linear stability
The bilayer manifold Mb arises as the graph of the bilayer distributions Φp over its domain Dδ. The
p-varied interfaces Γp are integral in the construction of of Φp. We establish the coercivity of the FCH energy
on the tangent plane to Mb.
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3.1. Bilayer manifold. We refine the construction of the bilayer distribution Φp, developed in [8] to ac-
commodate the equilibrium Φp˚ of the FCH flow, and induce Lipschitz estimates on Φp for p near p
˚.
The bilayer distribution is constructed through a matching of an inner description in the reach Γ2`p to an
outer distribution on the remainder of Ω. The inner construction begins with φ0 defined on L
2pRq as the
nontrivial homoclinic solution of
B2zφ0 ´W 1pφ0q “ 0, lim|z|Ñ8φ0pzq “ b´. (3.1)
The orbit φ0 is unique up to translation, even about z “ 0, and converges to b´ as z tends to ˘8 at the
exponential rate
a
W 2pb´q ą 0. The linearization L0 of (3.1) about φ0,
L0 :“ ´B2z `W 2pφ0pzqq, (3.2)
is a Sturm-Liouville operator on the real line whose coefficients decay exponentially fast to constants at
z “ 8. The following Lemma follows from classic results and direct calculations, see for example Chapter
2.3.2 of [26].
Lemma 3.1. The spectrum of L0 is real, and uniformly positive except for two point spectra: λ0 ă 0 and
λ1 “ 0. The ground state eigenfunction ψ0 of L0 is even and positive, with ground state eigenvalue λ0 ă 0.
The operator L0 has an inverse that is well defined on the L
2 perp of its kernel, spantφ10u, and both L0 and
its inverse preserve evenness and oddness.
The base profile φ0 is a function of one variable, we extend it to Γ
2`
p and Ω through the dressing process.
Definition 3.2 (Dressing). Given a function fpzq : R Ñ R which tends to a constant f8 and whose
derivatives tend to zero at an ε independent exponential rate as z Ñ ˘8, we define the dressed function,
fd P L2pΩq, of f with respect to Γp as
fdpxq “ fpzppxqqχpε|zppxq|{`q ` f8p1´ χpε|zppxq|{`qq, @x P Ω.
Here χ : RÑ R is a fixed smooth cut-off function satisfying: χprq “ 1 if r ď 1 and χprq “ 0 if r ě 2. Where
there is no ambiguity we abuse notation and use fpzpq to denote the dressed function fd.
A function f “ fpxq P L1 is said to be localized near the interface Γp if there exists ν ą 0 such that for
all x P Γ2`p ,
|fpxpsp, zpqq| À e´ν|zp|.
We introduce the dressed operator as follows.
Definition 3.3 (Dressed operator). Let L : D Ă L2pRq ÞÑ L2pRq be a self-adjoint differential operator
with smooth coefficients whose derivatives of all order decay to zero at an exponential rate at 8. We define
the space S to consist of the functions f as in Definition 3.2. The to each p P Dδ the dressed operator
Lp : DX S ÞÑ L2pΩq and its r’th power, r P N are given by
Lrpf :“ pLrfqd. (3.3)
If r ă 0 then we assume that f P RpLq and the inverse L´1p f decays exponentially to a constant at ˘8.
Since 1 is orthogonal to φ10 we may define L
´k
0 1 on the real line R and its dressing subject to Γp, denoted
by Bp,k as a function of x, that is,
Bp,kpxq :“ L´kp,01 “ pL´k0 1qd, x P Ω. (3.4)
When p “ 0, we drop the subscript p and denote Bp,k as Bk. Recalling the averaging operator, (1.13) we
introduce
Bp,k :“ |Ω| 〈Bp,k〉L2 “
ż
Ω
Bp,k dx. (3.5)
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With this notation we define the first correction φ1 to the pulse profile
φ1pσq “ φ1pzp;σq :“ σBp,2 ` ηd
2
L´1p,0
`
zpφ
1
0pzpq
˘
, (3.6)
which depends upon the bulk density and meander parameters, σ and p. As a function on R, φ1 is smooth
and is even about z “ 0.
The following Lemma establishes a family of bilayer distributions that share a common leading order
residual. In Definition 3.7 we establish a particular choice of bilayer distribution that supports the equilibrium
bilayer distribution with a nearly circular interface.
Lemma 3.4. Let φ0, φ1, be as defined in (3.1), (3.6) respectively. Then for any smooth function φě3 “
φě3pzpq that, up to terms exponentially small in ε, decays exponentially to a constant φ8ě3 as |z| Ñ 8 and
exponential term φp,e “ φp,epxq defined on Ω, there exists ν ą 0 and a function φ2 “ φ2pγ2p, zp;σq that
satisfies the assumptions of Notation 2.1 such that the bilayer distribution
Φppx;σq :“ φ0pzpq ` εφ1pzp;σq ` ε2φě2pγ2p, zp;σq ` e´`ν{εφp,epxq, (3.7)
with φě2 :“ φ2 ` εφě3pzpq has the residual
FpΦpq “ Fmpsp, zpq ` e´`ν{εFepxq with Fm “ εσ ` ε2F2 ` ε3F3 ` ε4Fě4, (3.8)
whose expansion terms take the form
F2 “ κppσ ´ σ1˚ qf2pzpq; F3 “ ´φ10∆spκp ` f3pzp,γ2pq,
Fě4 “ ∆gf4,1pzp,γ2pq ` f4,2pzp,γ2pq.
(3.9)
Here f2 is localized near Γp and odd, and f3, f4,1, f4,2 are smooth functions which decay exponentially fast
to a constant as |z| Ñ 8 and satisfy the assumptions of Notation 2.1. In addition, the projections of F2,F3
satisfy ż
R2`
F2 φ
1
0 dzp “ m0pσ1˚ ´ σqκp `Ope´`ν{εq;ż
R2`
F3 φ
1
0 dzp “ m21
˜
´∆spκp ´
κ3p
2
` ακp
¸
`Ope´`ν{εq.
(3.10)
Here α “ αpσ; η1, η2q depends smoothly on σ.
Proof. This follows from Lemma 3.2 of [8]. While we have incorporated lower order terms terms in Φp, they
do not affect the form of F2,3,4. 
Remark 3.5. Explicit forms of φ2 and α are given in [8]. These forms are omitted as they do not impact
the central result of this work.
To recover the relaxation to equilibrium requires a particular choice for the lowest order term φě3 in
Lemma 3.4. Fixing a system mass M0 determines an equilibrium of prescribed radius p0˚ and bulk density
σ˚. This leaves only the translational parameters p1 and p2 to characterize the available equilibrium states.
Under the FCH flow, we anticipate that the meander and bulk density parameters converge to one of these
equilibrium,
pptq Ñ p˚ “ pp0˚ ,p1˚ ,p2˚ , 0, ¨ ¨ ¨ , 0q, σptq Ñ σ˚ “ σ1˚ `Opεq. (3.11)
The existence of equilibrium bilayer distributions associated to circular interfaces, up to exponentially small
terms, was established in [11]. The result is quoted here.
Lemma 3.6. Let ε ą 0 be sufficiently small and let Γ˚ be a circle with curvature κ˚, centered at the origin,
and strictly contained within the periodic domain Ω. Let z˚ denote ε-scaled distance to Γ˚. Then for each ε
sufficiently small there exists a unique constant σ˚ “ σ1˚ ` εσě˚2pκ˚, εq, a uniformly (in ε) bounded function
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φě˚3 “ φě˚3pz˚;κ˚, εq which decays exponentially fast to a constant as z Ñ8, and a uniformly (in ε) smooth
function φe “ φepx;κ˚, ε,Ωq and a ν ą 0 such that,
Φ˚pxq :“φ0pz˚pxqq ` εφ1pz˚pxq;σ˚q ` ε2φ2pz˚pxq;σ˚, κ˚q ` ε3φě˚3pz˚pxq;σ˚, κ˚q
` e´`ν{εφepx;σ˚, κ˚q,
are equilibrium of (1.11) subject to periodic boundary conditions on Ω. Translates of periodic extensions of
Φ˚ are also exact equilibrium.
The exponential correction φe is nontrivial outside the reach Γ
2`˚ , and it arises from the interaction of the
radial equilibrium inside the reach with the period box Ω “ r´L,Ls2.
Definition 3.7. The bilayer distribution Φp is defined through (3.7) with φě3 chosen as a dress of φě˚3
around Γp, and φp,epxq as a linear translation of φe from Lemma 3.6. Specifically we take
φě3pzpq :“ φě˚3pzp;σ˚, κ˚q, φp,e “ φepx´ p1Θ0E1 ´ p2Θ0E2;κ˚, σ˚q.
The FCH gradient flow preserves system mass, which is set by the initial data. We adjust the value of
the bulk density parameter σ so that the mass of Φp equals the system mass. From the form (3.7) of Φp
with φ1 “ φ1pσq given by (3.6) we deduce that
xΦppxq ´ b´yL2 “ εM0|Ω| , (3.12)
precisely if
σppq “ 1
Bp,2
#
M0 ´
ż
Ω
„
1
ε
´
φ0pzpq ´ b´ ` ε2φě2pγ2p, zpq ` e´`ν{εφp,e
¯
` ηd
2
`
L´1p,0pzpφ10q
˘ 
dx
+
. (3.13)
The following result approximates the dependence of σ on pp0, pˆq.
Lemma 3.8. Let ε P p0, ε0q with ε0 small enough, and consider system mass of the form (3.12) with M0
independent of ε. The dependence of the bulk density σ “ σppq on p P Dδ satisfies
σppq “ σ0 ´ c0m
2
1
m0
R0p0 ` εCpp0qp0 `O
´
ε2}pˆ}V22
¯
for some smooth function Cpp0q of p0 that is bounded uniformly, independent of ε. The base bulk density
σ0 “ σ0pΓ0,M0q is independent of p, and c0 is a fixed positive constant; indeed,
σ0pΓ0,M0q “ M0 ´m0|Γ0|
B82 |Ω|
`Opε2q, c0 “ 2pim
2
0
B2m21
ą 0. (3.14)
Remark 3.9. The base interface and system mass pΓ0,M0q form an admissible pair if and only if σ0pΓ0,M0q
is bounded uniformly in ε.
Proof. We address the terms on the right-hand side of (3.13) one by one. First, under the local coordinates
near Γp we rewrite ż
Ω
pφ0pzpq ´ b´qdx “ ε
ż
I
ż
R2`
pφ0pzpq ´ b´q|γ1p|p1´ εzpκpqdsp dzp.
Since φ0pzpq ´ b´ “ φd0 ´ b´ is localized near Γp and even with respect to zp, we haveż
Ω
pφ0pzpq ´ b´qdx “ ε|Γp|
ż
R2`
pφ0pzq ´ b´qχpεz{`qdz.
With m0 defined in (1.6), there exists some constant C1 independent of p such thatż
Ω
pφ0pzpq ´ b´qdx “ ε|Γp|
´
m0 ` C1e´`ν{ε
¯
. (3.15)
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The remaining leading order term depends on zp only and is localized. We deduce thatż
Ω
L´1p,0pzpφ10qdx “ C2ε|Γp|, C2 :“
ż
R2`
L´10 pzφ10qχpεz{`qdz. (3.16)
The constant Bp,2 defined in (3.13) is the mass of the dressed function Bp,2 introduced in (3.4)-(3.5). Since
Bp,2 approaches B
8
p,2 “ B82 as |z| Ñ 8, we may rewrite
Bp,2 “
ż
Ω
pBp,2 ´B82 q dx`B82 |Ω|
The first term is localized and even with respect to zp from which we deduce
Bp,2 “ εC3|Γp| `B82 |Ω|, C3 :“
ż
R2`
pB2 ´B82 qχpεz{`qdz. (3.17)
Finally, the term φě2 “ φě2pzp,γ2pq has the properties of Notation 2.1. Subtracting the far field value φ8ě2,
integrating out zp and applying Lemma 6.3 from the Appendix for j “ 0, k “ 0 we findż
Ω
φě2pzp, spqdx “ φ8ě2|Ω| ` εfpp0q `Opε}pˆ}V22q, (3.18)
for some smooth function f “ fpp0q. Combining (3.15)-(3.16) and (3.17)-(3.18) with (3.13) yields
σppq “ 1
B82 |Ω| ` εC3|Γp|
"
M0 ´ e
´`ν{ε
ε
Me ´ ε2φ8ě2|Ω| ´ pm0 ` Cεq|Γp| ` ε2fpp0q `Opε2}pˆ}V22q
*
where C “ C1ε´1e´`ν{ε ` C2 À 1 and
Me “
ż
Ω
φp,epxqdx “
ż
Ω
φepxqdx
is a mass correction arising from the exponentially small term φp,e from Definition 3.7. The Lemma follows
from (2.21) by extracting the leading order terms, introducing the p independent constants c0,
σ0 :“ 1
B82 |Ω|
"
M0 ´ e
´`ν{ε
ε
Me ´ ε2φ8ě2|Ω| ´m0|Γ0|
*
À 1,
and taking ε0 small enough. 
We introduce the equilibrium meander parameters p˚ “ pp0˚ ,p1˚ ,p2˚ ,0q for which σpp˚q “ σ˚. With this
notation we have the following result.
Corollary 3.10. Suppose p˚ “ pp0˚ ,p1˚ ,p2˚ ,0q P Dδ the bulk density parameter σ “ σppq satisfies the relation
σ˚ ´ σppq “ c0m
2
1
m0
R0pp0 ´ p0˚ q `O
´
ε|p0 ´ p0˚ |, ε2}pˆ}V22
¯
. (3.19)
To establish the long-time convergence to equilibrium requires Lipschitz estimates on the residual of the
bilayer distributions Φp for p near p
˚.
Lemma 3.11. For p P Dδ the components of the residual FpΦpq given in (3.8) satisfy
}F2}L2 À ε1{2|σ ´ σ˚| ` ε3{2; }F3 ´ F83 }L2 ` }Fě4 ´ F8ě4}L2 À ε1{2
´
}pˆ}V24 ` 1
¯
,
and the exponential residual satisfies }Fe}L2 À 1. If Φp is chosen as in Definition 3.7 then the overall residual
satisfies the Lipschitz estimate
}Π0FpΦpq}L2 À ε5{2|p0 ´ p0˚ | ` ε5{2}pˆ}V22 ` ε7{2}pˆ}V24 .
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Proof. The L2-bounds of the difference between Fk and its bulk value for k “ 2, 3, 4 follow from the ex-
pressions for F2,F3,F4 given in Lemma 3.4, see [8] for details. The L
2-estimate of Π0FpΦpq follows from
comparing it to the zero residual of Φ˚. Indeed we write
}Π0FpΦpq}L2 “ }Π0FpΦpq ´Π0FpΦ˚q}L2 (3.20)
where Φ˚ is the equilibrium solution associated with bulk density state σ˚ and interface Γ˚ with parame-
terization
γ˚ :“ γp˚ `Θ0
´
pp1 ´ p1˚ qE1 ` pp2 ´ p2˚ qE2
¯
. (3.21)
obtained by translating Γp˚ to place its center at pp1,p2q. The triangle inequality and the expansion of
F “ FpΦpq from Lemma 3.4, yield the estimate
}Π0pFpΦpq ´ FpΦ˚qq}L2 ďε2}Π0pF2 ´ F2pΦ˚qq}L2 ` ε3}Π0pF3 ´ F3pΦ˚qq}L2
` ε4}Π0pFě4 ´ Fě4pΦ˚qq}L2 ` e´`ν{ε}Fe ´ FepΦ˚q}L2 .
(3.22)
We use the form of the FkpΦ˚q residuals to establish that they are Lipschitz in pp0´p0˚ , pˆq. We observe from
Lemma 3.4 that F2 admits the general form F2 “ κpf2pzpqpσ´σ1˚ q, while F2pΦ˚q “ κ˚f2pz˚qpσ˚´σ1˚ q. We
deduce that
}F2 ´ F2pΦ˚q}2L2 ď |σ ´ σ˚|2
ż
Ω
κ2pf
2
2 pzpqdx` |σ˚ ´ σ1˚ |2
ż
Ω
|κpf2pzpq ´ κ˚f2pz˚q|2 dx.
The integrals contribute a factor of ε since the integrands are bounded and their support is localized
near the interfaces Γp and Γ˚, respectively. We decompose the second integrand as κp pfpzpq ´ fpz˚qq `
pκp ´ κ˚q fpz˚q which we bound by |zp ´ z˚| ` |κp ´ κ˚| in its support set. Using the estimates of Lemmas
2.9, 2.6 and 2.5, recalling |σ˚ ´ σ1˚ | À ε we arrive at the bound
}Π0F2 ´Π0F2pΦ˚q}2L2 À ε|σ ´ σ˚|2 ` ε
´
|p0 ´ p0˚ |2 ` }pˆ}2V22
¯
. (3.23)
The L2 bounds of F3´F3pΦ˚q and Fě4´Fě4pΦ˚q involve higher derivatives of the perturbed curve γp from
(2.10) which are controlled with through (2.15), specifically
}ε2∆spγpkqp }L2pIpq ` }γpkqp ´ γpkq˚ }L2pI q À }pˆ}V2k ` |p0 ´ p0˚ |.
And with a use of the above bound and form of F3,F4 in Lemma 3.4, one can establish similarly
}Π0F3 ´Π0F3pΦ˚q}2L2 ` }Π0F4 ´Π0F4pΦ˚q}2L2 À }pˆ}2V24 ` ε´1|p0 ´ p0˚ |2. (3.24)
The term Fe incorporates residual from φe and from the dressing process. However φe in Lemma 3.4 cancels
with the corresponding term in Φ˚, and the residual is due solely to the dressing which contributes
}Fe ´ FepΦ˚q}L2 À }pˆ}V24 . (3.25)
Reporting the term-wise bounds, (3.23), (3.24) and (3.25), into (3.22), and applying Corollary (3.10) com-
pletes the proof. 
3.2. Linear coercivity. The nonlinear stability analysis hinges upon the properties of the linearization of
the flow (1.11) about the bilayer distributions Φp introduced in Definition 3.7. The linearization takes the
form Π0Lp where
Lp :“ δ
2F
δu2
ˇˇˇ
u“Φp
“pε2∆´W 2pΦpq ` εη1qpε2∆´W 2pΦpqq
´ pε2∆Φp ´W 1pΦpqqW3pΦpq ` εηdW 2pΦpq,
(3.26)
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denotes the second variational derivative of the free energy F at Φp and ηd :“ η1 ´ η2. When restricted to
functions with support within the Γ2`p , the Cartesian Laplacian admits the expansion (2.40) and the leading
order operator takes the form
Lp,0 :“ L2p, where Lp :“ Lp,0 ´ ε2∆sp . (3.27)
Spectral analysis of the leading order operator Lp,0 leads to definitions of slow spaces Z, for which the
operator is uniformly coercive on the orthogonal complement, see [11, 25, 30]. However these spaces are
only invariant under the linear operator up to order of ε. This is not sufficient to close the nonlinear energy
estimates required to establish stability. Consequently the modified space slow spaces were introduced in
[8]. We summarize these results below.
Let ψkpzq denote the normalized eigenfunctions of the operator L0 defined in Lemma 3.1. The dressed
and scaled version ψ˜k is defined as
ψ˜kpzpq :“ ε´1{2ψkpzpq.
Definition 3.12 (Slow spaces). For k “ 0, 1, fixed ρ ą 0, and all p P Dδ we introduce the disjoint index
sets:
Σk “ Σkpp, ρq “ tj
ˇˇ
Λ2ki :“ pλk ` ε2β2p,iq2 ď ρu, and Σ :“ Σ0 Y Σ1, (3.28)
and the slow space Z˚ “ Z˚pp, ρq Ă L2, as the union of the pearling and meander spaces, Z0˚ and Z1˚,
Z˚ :“ Z0˚ Y Z1˚ with Zk˚ “ span
!
Z
Ipiqi
p,˚ , i P Σk
)
. (3.29)
Here the modified basis functions take the form
Z
Ipiqi
p,˚ :“
´
ψ˜Ipiq ` εϕ˜1,i
¯
Θ˜i ` εϕ˜2,iεΘ˜1i, (3.30)
where ϕ˜l,i “ ε´1{2ϕl,ipzp,γ2pq, enjoys the properties of Notation 2.1, localized near Γp and satisfyingż
R
ϕl,ipz,γ2pqψIpiqpzqdz “ 0, l “ 1, 2, i P Σ. (3.31)
The leading order term of Z
Ipiqi
p,˚ , obtained by setting ϕl,i “ 0, is denoted ZIpiqip , that is
ZIpiqip :“ ψ˜IpiqΘ˜i. (3.32)
The Laplace-Beltrami eigenvalues βp,j are defined in (2.17). They satisfy the classical Weyl’s Law asymp-
totics, [37],
N0 :“ |Σ0| „ ε´1ρ1{2, N1 :“ |Σ1| „ ε´1ρ1{4. (3.33)
In addition, for ρ suitably small, the pearling index set Σ0 is far away from the meandering index set Σ1. In
particular,
|βk ´ βj | ě Cε´1, k P Σ0, j P Σ1. (3.34)
Thanks to the pearling-meandering gap (3.34), orthogonality (2.15) and (3.31), the basis functions of Z˚ are
almost orthogonal as〈
Z
Ipiqi
p,˚ , Z
Ipjqj
p,˚
〉
L2
“
$&% p1` p0q δij `O
´
ε2, ε2}pˆ}V22
¯
Eij , Ipiq “ Ipjq;
O
´
ε2, ε2}pˆ}V24
¯
Eij , Ipiq ‰ Ipjq.
(3.35)
We define the L2 linear projection on the subspace Zk˚ by ΠZk˚ for k “ 0, 1. In particular, for any u P L2
there exists a unique constant vector puiqiPΣk P l2pRNkq such that ΠZk˚u “
ř
iPΣk uiZ
ki
p,˚. When restricted
to Z˚ the bilinear form of the full linearized operator Π0Lp
ˇˇ
Z˚ , induces an N ˆN matrix M˚ with entries
Mi˚j “
〈
Π0LpZIpiqip,˚ , Z
Ipjqj
p,˚
〉
L2
. (3.36)
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We decompose M˚ into a block structure corresponding to the pearling and meandering spaces,
M˚ “
ˆ
M˚p0, 0q M˚p0, 1q
M˚p1, 0q M˚p1, 1q
˙
, Mi˚jpk, lq “Mi˚j for i P Σk, j P Σl. (3.37)
A detailed analysis of M˚ is given in [8]. In particular, under the pearling stability condition
pPSCq σS1 ` ηdλ0 ą 0, (3.38)
the pearling sub-block M˚p0, 0q is positive definite, that is,
qTM˚p0, 0qq ě ε
2
p1` p0qpσS1 ` ηdλ0q}q}2l2 , for all q P RN0 .
Lemma 3.13. Let ε P p0, ε0q with ε0 and ρ suitably small. For any function vK P pZ1˚qK and p P Dδ, we
can bound the meandering coupling as following:
}ΠZ1˚LpvK}L2 À
´
ε2 ` ε2}pˆ}V24
¯
}v}L2 .
Proof. This is a direct consequence of Theorem 4.11 of [8]. 
Perpendicular to the slow space Z˚, the linearized operator Π0Lp is coercive.
Lemma 3.14. Fix ρ ą 0 and ε0 ą 0 sufficiently small. Then there exists C ą 0 such that for all ε P p0, ε0q
and all w P ZK˚ we have the coercivity estimates
〈Lpw,w〉L2 ě Cρ2
`
ε4}w}2H2 ` }w}2L2
˘
and }Lpw}2L2 ě Cρ2 〈Lpw,w〉L2 . (3.39)
We say that the base interface Γ0 and the scaled system mass M0 introduced in (1.4) are an admissible
pair if the system mass balances with the length of Γ0 in the sense that
|M0 ´m0|Γ0|| À 1. (3.40)
The bilayer manifold is defined as the graph of the bilayer distributions over the domain Dδ.
Definition 3.15 (Bilayer Manifold). Given a circle Γ0 with radius R0 ą 0 and system mass M0 which form
an admissible pair, (3.40). We define the N1-dimensional bilayer manifold MbpΓ0,M0; ρq to be the graph of
the map p ÞÑ Φppσppqq over the domain Dδ, where the bilayer distribution Φppσq is introduced in Definition
3.7 with bulk density σ “ σppq prescribed through (3.12), or alternatively (3.13). The spectral parameter ρ
controls the dimension N1, and is introduced in Definition 3.12.
4. Dynamics of meandering modulation parameters
We derive the projection of the mass preserving gradient flow (1.10)-(1.11) onto the approximate tangent
space of the bilayer manifold. We restrict attention to the affine space defined by the mass constraint 1.4.
We denote by VRpMb,Om,δq the tubular neighborhood of thickness R in the H2 inner norm, (1.17), that
surrounds the restriction of the bilayer manifold Mb restricted to domain Om,δ Ă Dδ,
VRpMb,Om,δq :“
"
u P H2 ˇˇ min
pPOm,δ
}u´ Φp}H2in ă R, 〈u´ b´〉L2 “
εM0
|Ω|
*
. (4.1)
where Om,δ as a subset of Dδ, defined in (2.9), is given by
Om,δ :“
!
p P RN1 ˇˇ |p0| ` }pˆ}V23 ď mδ) Ă Dδ. (4.2)
Definition 4.1 (Manifold Projection). Let U be a neighborhood of Mb. We say ΠMbu :“ Φppσq is a
projection of U onto Mb and ΠKMbu :“ vK is its compliment if for each u P U there exist a unique p P Dδ
and mass-free orthogonal perturbation vK P pZ1˚ppqqK such that
u “ Φp ` vK. (4.3)
We call p the meander parameters associated to u.
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The following, from Lemma 5.2 of [8], establishes the existence of a manifold projection.
Lemma 4.2. Let Mb “ MbpΓ0,M0q be the bilayer manifold of Definition 3.15. Let δ, ε0 ą 0 be suf-
ficiently small, then for all ε P p0, ε0q there exists a manifold projection ΠMb defined on the tubular set
U “ VδεpMb,O2,δq. Moreover, for u P U of the form u “ Φp0 ` v with p0 P Dδ and massless perturbation
v P H2 satisfying }v}H2in ď δε, then u’s meander parameters p and orthogonal perturbation, vK satisfy
}p´ p0}l2 À ε1{2}v}L2 ; }vK}H2in À }v}H2in .
Assume that a solution u “ uptq of the FCH gradient flow satisfies u P VCε5{2pMb,O2,δq on the interval
r0, T s. Then for ε0 sufficiently small, depending on δ, we have u P U and we may decompose u as
upx, tq “ Φppx;σq ` vKpx, tq, vK P pZ1˚qK,
ż
Ω
vK dx “ 0. (4.4)
The FCH gradient flow (1.11) can be written in terms of the pair pp, vKq “ ppptq, vKptqq with the bulk
density parameter σ “ σppptqq through (3.13). Substituting the decomposition (4.4) into the FCH gradient
flow leads to an equation for Φp and v
K:
BtΦp “ ´Π0FpΦpq `RrvKs, (4.5)
where RrvKs is the orthogonal remainder contributed by orthogonal perturbation vK. Specifically
RrvKs :“ ´BtvK ´Π0LpvK ´Π0NpvKq, (4.6)
where NpvKq is the genuinely nonlinear term defined by
NpvKq :“ FpΦp ` vKq ´ FpΦpq ´ LpvK. (4.7)
As substantiated in Remark 4.6 and Corollary 4.10, projecting the flow (4.5) onto the meander space Z1˚
yields the dynamics for p, which at leading order is equivalent to the finite dimensional geometric flow
defined by the system
ΠG1 pBtγp ¨ np ´ Vpq “ 0, (4.8)
where the curvature induced velocity is given by
Vp “ ε3m0
m21
pσ1˚ ´ σqκp ´ ε4
˜
∆spκp `
κ3p
2
` ακp
¸
, (4.9)
and ΠG1 : L
2pIpq ÞÑ L2pIpq is the projection onto the space G1 Ă L2pIpq spanned by the first N1
Laplace-Beltrami modes
ΠG1f :“ 11` p0
N1´1ÿ
j“0
Θ˜j
ż
Ip
fps˜pqΘ˜jps˜pqds˜p. (4.10)
The dependence of the bilayer distribution , the slow space Z˚, and the local coordinates pzp, spq on p
plays a key role in the analysis. In the next three subsections we analyse the slow projection of BtΦp, the
residual Π0FpΦpq, and the remainder RrvKs. This is conducted under the a priori assumptions
p P O2,δ Ă Dδ and } 9p}l2 À ε3. (4.11)
In section 5 the assumption on the rate 9p will be folded into the norm bounds on p.
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4.1. Projection of BtΦp. The projection of BtΦp onto the meandering slow space Z1˚, is determined by the
N1 ˆN1 matrix T whose pk, jq-th component is defined by
Tkj :“
〈BΦp
Bpj , Z
1k
p,˚
〉
L2
, for k, j P Σ1. (4.12)
This matrix approximates the first fundamental form of the bilayer manifold induced by graph of Φp over
the approximate tangent space Z1˚. The asymptotic form of BpjΦp follows from Lemmas 2.9 and 3.7. This
is presented below, with full justification found in Lemma 6.4 of [8].
Lemma 4.3. The bilayer distribution Φp given in Definition 3.7 satisfies
BΦp
Bpj “
1
ε
pφ10 ` εφ11qξjpspq ` εRj ,
where ξjpspq “ ε BzpBpj depending on parameter p are given in Lemma 2.9; and the remainder R “ pRjq lies
in L2 and it’s projection to the meandering slow space satisfies the estimate
}ΠZ1˚R}L2 À ε1{2.
Introducing the canonical unit basis tBkukPΣ1 of RN1 , from chain rule and (4.12) we have
〈T 9p,Bk〉 “
〈BtΦp, Z1kp,˚〉L2 for k P Σ1. (4.13)
To motivate the next result we observe that, up to a multiplicative constant, the inner product on the
right-hand side has the leading order ż
Ip
Btγp ¨ npΘ˜k ds˜p.
From Lemma 2.9 and chain rule we have the relation
Btγp ¨ np “ ´εBzpBt “ ´
ÿ
jPΣ1
9pjξjpspq. (4.14)
The projection of ξjpspq to the Garlekin space G1 involve the pN1´3qˆN1 matrix U with pj, kq-th component
Ujk :“ 1
1` p0
ż
Ip
s˜pΘ˜
1
jΘ˜k ds˜p, j “ 3, 4, ¨ ¨ ¨ , N1 ´ 1, k P Σ1. (4.15)
In fact, we have the following approximation.
Lemma 4.4. With ξjpspq defined in Lemma 2.9, it holds that for j, k P Σ1
´
ż
Ip
ξjpspqΘ˜k ds˜p “ p1` p0q
$’’’’&’’’’%
R0{Θ0 `Op}pˆ}V22qE00, j “ 0, k “ 0;
pk1tkě3u ´ pˆTUBk `Op}pˆ}2V22qEk0 j “ 0, k ě 1;
δjk `Op}pˆ}V22qEkj j “ 1, 2, k P Σ1;
δjk `Op}pˆ}2V22qEkj , j ě 3, k P Σ1.
Moreover when j P Σ1, k ě 3, we have the following approximation for the weighted projection
´
ż
Ip
ξjpspqβkΘ˜k ds˜p “ p1` p0q
$’’&’’%
βkpk ´ pˆTUBk `Op}pˆ}2V22qEk0 j “ 0;
βkδjk `Op}pˆ}V22qEkj j “ 1, 2;
βkδjk `Op}pˆ}V22}pˆ}V23qEkj `Op}pˆ}2V22qβj , j ě 3.
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The proof of the Lemma is technical and is postponed to the Appendix.
We introduce the translational vector
p1,2 “
2ÿ
k“1
pkBk, (4.16)
the constants m2,m3
m2 “ 1
2
ż
R
L´10 pzφ10qdz; m3 “
1
2
ż
R
|zφ10|2 dz, (4.17)
and the scalar function µ0 “ µ0pσ, p0q,
µ0pσ, p0q :“ m
2
1
m21 ` εpσm2 ` ηdm23q
1
1` p0 “ 1`Opp0, εq. (4.18)
Lemma 4.5. Under the a priori assumptions (4.11), there exists a unit vector e “ pekqkPΣ1 for which (4.13)
admits the expansion:
(1) if k “ 0,
´ε
1{2µ0
m1
〈T 9p,B0〉 “R0
Θ0
9p0 `O
´
pε2 ` }pˆ}V22q} 9p}l2
¯
. (4.19)
(2) if k ě 1,
´ε
1{2µ0
m1
〈T 9p,Bk〉 “ 9pk ` 9p0
`
pk1tkě3u ´ pˆTUBk
˘`O ´}pˆ}V22 | 9p1,2| ` pε2 ` }pˆ}2V22q} 9p}l2¯ ek, (4.20)
where U is given in (4.15) and 1tkějupkq returns 1 for k ě j and 0 for k ă j.
Proof. We have the algebraic relation
´ 〈T 9p,Bk〉l2 “ ´
ÿ
jPΣ1
Tkj 9pj . (4.21)
We calculate Tkj for k, j P Σ and then complete the sum over j. From the definition of φ0, φ1 in (3.1), (3.6),
we have the following identity ż
R
pφ10 ` εφ11qφ10 dz “ m21 ` εpσm2 ` ηdm23q, (4.22)
where m1,m2,m3 are defined in (1.8) and (4.17). Using the expressions for BpjΦp from Lemma 4.3 and for
Z1kp,˚ with k P Σ1 from (3.30), the equality ψ1 “ φ10{m1, the localization of the dressing of the eigenfunctions
of L0, and the orthogonality (3.31) we find
´Tkj “ ´ 1
ε1{2
ż
R2`
ż
Ip
pφ10pzpq ` εφ11pzpqq φ
1
0
m1
ξjpspqΘ˜k ds˜p dzp `Opε3{2Ekjq,
where the remainder matrix Ekj has bounded l2˚ norm by Lemma 2.8. We use (4.22) to simplify
´ Tkj “ ´m
2
1 ` εpσm2 ` ηdm23q
ε1{2
ż
Ip
ξjpspqΘ˜k ds˜p `Opε3{2Ekjq. (4.23)
To complete the proof we assume k ě 1 use the three cases on j in Lemma 4.4 and return to the summation
(4.21). The second identity of the Lemma follows after introducing µ0 as in (4.18). The first identity, for
k “ 0, follows similarly except that the terms involving U are small and placed in the remainder. 
Remark 4.6. By the definition of Tkj, the identities (4.23) and (4.21) in the proof of Lemma 4.5 imply〈BtΦp, Z1kp,˚〉L2 “ m1ε1{2 ÿ
jPΣ1
9pj
ż
Ip
ξjpspqΘ˜k ds˜p `Opε1{2} 9p}l2qek.
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When combined with identity (4.14) this implies〈BtΦp, Z1kp,˚〉L2 “ ´ m1ε1{2
ż
Ip
Btγp ¨ npΘ˜k ds˜p `Opε1{2} 9p}l2qek. (4.24)
Corollary 4.7. With the same assumptions as Lemma 4.5, we have the approximation under weighted
projection
´ε
1{2µ0
m1
〈T 9p, βkBk〉 “βk 9pk ` 9p0
`
βkpk ´ pˆTUβkBk
˘`Op}pˆ}V22} 9p1,2}l2qek
Oppε2βk ` }pˆ}V22}pˆ}V23q} 9p}l2qek `Op}pˆ}2V22} 9p}V21qek.
for k ě 3.
Proof. Following the proof of Lemma 4.5, we estimate βkTkj . From (4.23), we have
βkTkj “ ´m
2
1 ` εpσm2 ` ηdm23q
ε1{2
ż
Ip
βkξjpspqΘ˜k ds˜p `Opε3{2βkEkjq.
The corollary follows from Lemma 4.4. 
Lemma 4.8. The matrix U “ pUlkq with components l, k “ 3, ¨ ¨ ¨N1 ´ 1 defined in (4.15) satisfies
}UT }l˚2 À }D1{2}l˚2 . (4.25)
Proof. With pˆ “ pp3, ¨ ¨ ¨ ,pN1´1q P l2, p¯ “
řN1´1
l“3 plΘ˜ps˜pq, and Ulk as defined we have〈
UT pˆ,Bk
〉
l2
“
N1´1ÿ
k“3
Ulkpl “ 1
1` p0
ż
Ip
p¯1ps˜pqΘ˜k ds˜p.
From (2.18) }p¯1}L2pIpq À }pˆ}V21 “ }D1{2pˆ}l2 , and the result follows from Lemma 2.8. 
4.2. Projection of the residual. The projection of the bilayer distribution residual FpΦpq, given in Lemma
3.4, to the meandering slow space Z1˚ drives the dynamics of meandering parameters p. The following Lemma
breaks down this projection. At leading order the projection arises from the normal velocity Vp from (4.9)
onto the cut-off Garlekin space G1. To this end we introduce
Akppq :“
ż
Ip
κpΘ˜k ds˜p,
Bkppq :“
ż
Ip
˜
´∆spκp ´
κ3p
2
` ακp
¸
Θ˜k ds˜p,
(4.26)
which give the dominant components of this projection.
Lemma 4.9. Under the a priori assumptions (4.11), there exists a unit vector e “ pekqkPΣ1 such that
(1) for k “ 0,〈
Π0FpΦpq, Z1kp,˚
〉
L2
“ε5{2m1
ˆ
C pp0q ´ c0
Θ0
p0
˙
`O
´
ε5{2|p0 ´ p0˚ |}pˆ}V22
¯
`O
´
ε7{2}pˆ}V22}pˆ}V23 , ε9{2}pˆ}V24
¯
where C pp0q is a smooth function of p0 and has the form
C pp0q :“´ 2piΘ0m0
m21
pσ1˚ ´ σ0q ` 2piΘ0ε
„
1
2R20p1` p0q2
´ αpσ1˚ q

` εC1pp0qp0 ` εC2pp0qpp0 ´ p0˚ q ` ε2C3pp0q.
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Here Ckpp0q for k “ 1, 2, 3 are smooth functions of p0 with uniform bounds independent of ε whose
form is not material to the subsequent analysis.
(2) for k ě 1 and k P Σ1,〈
Π0FpΦpq, Z1kp,˚
〉
L2
“´ ε5{2m1ckpp0qpk1tkě3u `Opε7{2|p0 ´ p0˚ |}pˆ}V22 , ε5{2|p0 ´ p0˚ |}pˆ}2V22qek
`Opε7{2}pˆ}V22}pˆ}V24 , ε9{2}pˆ}V24qek.
Here ck depends on time only through p0 and has the form
ckpp0q :“β
2
k ´ 1
R20
«
c0R0pp0 ´ p0˚ q `Opε|p0 ´ p0˚ |2q ` ε
ˆ
´m0
m21
σ2˚ ` 2β
2
k ´ 3
2R20p1` p0q2
` αpσ1˚ q
˙ff
.
Proof. Adding and subtracting the far-field value of the residual and using the definition of Π0 and decom-
position of Z1kp,˚, we break the projection in dominant and remainder terms〈
Π0FpΦpq, Z1kp,˚
〉
L2
“ Ik `Rk, (4.27)
in which the dominant term Ik and remainder Rk :“ Rk,1 `Rk,2 are given by
Ik :“
ż
Ω
pFpΦpq ´ F8mqZ1kp dx,
Rk,1 :“ ε
ż
Ω
pFpΦpq ´ F8mq pϕ˜1,kΘ˜k ` ϕ˜2,kεΘ˜1kqdx,
Rk,2 :“ 1|Ω|
ż
Ω
pFpΦpq ´ F8mq dx
ż
Ω
Z1kp,˚ dx.
(4.28)
To streamline the presentation, the approximation of remainder terms Rk,0,Rk,1 is given in the appendix.
To approximate the dominant term Ik we replace Z1kp by its definition (3.32), and replace ψ1pzpq with
φ10pzpq{m1. Rewriting Ik in the local coordinates we obtain
Ik “ ε
1{2
m1
ż
R2`
ż
Ip
pFpΦpq ´ F8mqφ10Θ˜kp1´ εzpκpqds˜p dzp.
Using the expansion of FpΦpq from Lemma 3.4, we decompose Ik “ ř3j“1 Ik,j , where
Ik,1 “ ε
5{2
m1
ż
R2`
ż
Ip
pF2 ´ F82 qφ10Θ˜kp1´ εzpκpqds˜p dzp,
Ik,2 “ ε
7{2
m1
ż
R2`
ż
Ip
pF3 ´ F83 qφ10Θ˜kp1´ εzpκpqds˜p dzp,
Ik,3 “ ε
9{2
m1
ż
R2`
ż
Ip
´
Fě4 ´ F8ě4 ` e´`ν{εε´4Fe
¯
φ10Θ˜kp1´ εzpκpqds˜p dzp.
We deal with these terms one by one. First, from Lemma 3.4 F2 is localized with far-field F
8
2 “ 0, while
both φ10 and F2 have odd parity in zp, we deduce
Ik,1 “ ε
5{2
m1
ż
R2`
ż
Ip
F2φ
1
0Θ˜k ds˜p dzp.
Changing the integrating order and using (3.10) yields the reduction
Ik,1 “ ε
5{2m0
m1
pσ1˚ ´ σqAkppq, (4.29)
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where Ak was introduced in (4.26). For Ik,2, F3 is given (3.9) with projection (3.10), we have
Ik,2 “ ε7{2m1Bk ` ε
9{2
m1
ż
R2`
ż
Ip
pF3 ´ F83 qφ10Θ˜kzpκp ds˜p dzp
“ ε7{2m1Bk ` ε
9{2
m1
ż
R2`
ż
Ip
pφ10∆spκp ` f3 ´ f83 qφ10Θ˜kzpκp ds˜p dzp
for f3 “ f3pzp,γ2pq. Since |φ10|2zp has odd parity it does not contribute to the integral, and we deduce
Ik,2 “ ε7{2m1Bk ` ε
9{2
m1
ż
R2`
ż
Ip
pf3 ´ f83 qφ10Θ˜kzpκp ds˜p dzp. (4.30)
Addressing the integral, we change the order of integration order and integrate in zp, leaving a function
h “ hpγ2pq that enjoys the properties of Notation 2.1 since both f3 and κp depend only on second and lower
derivatives of γp. With this notation we deduce
ε9{2
m1
ż
R2`
ż
Ip
pf3 ´ f83 qφ10Θ˜kzpκp ds˜p dzp “ ε
9{2
m1
ż
Ip
hpγ2pqΘ˜k ds˜p.
Applying Lemma 6.3 to bound the right-hand side of this identity and returning the estimate to Ik,2 in
(4.30) yields the asymptotic form
Ik,2 “ ε7{2m1Bk ` ε9{2Cpp0qδk0 `Opε9{2}pˆ}V22qek. (4.31)
Similar estimates applied to Ik,3 yield the expansion
Ik,3 “ ε9{2Cpp0qδk0 `Opε9{2}pˆ}V24qek. (4.32)
Combining the estimates (4.29), (4.31), and (4.32) we find the dominant expansion
Ik “ ε
5{2m0
m1
pσ1˚ ´ σqAkppq ` ε7{2m1Bkppq ` ε9{2Cpp0qδk0 `Opε9{2}pˆ}V24qek. (4.33)
Rearranging and including the error estimates on Rk,1,Rk,2 from Lemma 6.5, we reduce (4.27) to〈
Π0FpΦpq, Z1kp,˚
〉
L2
“ε
5{2m0
m1
pσ1˚ ´ σq
´
Akppq ` εC1pp0qδk0 `Opε}pˆ}V22q
¯
` ε7{2m1Bkppq ` ε9{2C2pp0qδk0 `Opε9{2}pˆ}V24qek.
(4.34)
where C1, C2 are smooth functions of p0. To reduce these expressions to their final form we consider the
cases k “ 0 and k ‰ 0 separately. For k “ 0, using the form of A0,B0 presented in Corollary 6.2 of the
appendix, we rewrite the expansion above as〈
Π0FpΦpq, Z10p,˚
〉
L2
“ε
5{2m0
m1
p2piΘ0 ` εC1pp0qqpσ ´ σ1˚ q
` ε7{2m1piΘ0
ˆ
1
R20p1` p0q2
´ α
˙
` ε9{2Cpp0q
`Opε9{2}pˆ}V24 , ε7{2}pˆ}V22}pˆ}V23 , ε5{2|σ ´ σ˚|}pˆ}V22q.
Here we expanded σ1˚ “ σ˚ ` Opεq to simplify the error term. Since the coefficient α “ αpσq it smooth it
affords the expansion
αpσq “αpσ1˚ q `Opε, |σ ´ σ˚|q. (4.35)
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Using the first expansion of Corollary 3.10 and deducing that |σ´σ˚| À |p0´p0˚ |` ε2}pˆ}V22 from the second
expansion, we expand〈
Π0FpΦpq, Z10p,˚
〉
L2
“ ε5{2m1
ˆ
C pp0q ´ c0
Θ0
p0
˙
`Opε9{2}pˆ}V24 , ε7{2}pˆ}V22}pˆ}V23 , ε5{2|p0 ´ p0˚ |}pˆ}V22q,
(4.36)
where C “ C pp0q is as in part (1) of Lemma 4.9. For the case k ‰ 0, we replace σ1˚ with pσ˚ ´ εσě˚2q, and
reduce (4.34) to 〈
Π0FpΦpq, Z1kp,˚
〉
L2
“ε
5{2m0
m1
pσ˚ ´ σqAk ` ε7{2
ˆ
Bk ´ m0
m21
σě˚2Ak
˙
`Opε7{2|σ˚ ´ σ|}pˆ}V22 , ε9{2}pˆ}V24qek
Using this expansion, together with the expansions of Ak,Bk from Corollary 6.2, and the bound |σ´ σ˚| À
|p0 ´ p0˚ | ` ε2}pˆ}V22 and the expansion of α from (4.35) yields the result (2) of Lemma 4.9 with ck “ ckpp0q
as defined therein. 
Collecting the results on the meander projection of BtΦp and of the residual FpΦpq we can bound the
Galerkin projections of the difference between the normal velocity of Φp and the curvature induced velocity
given in (4.9).
Corollary 4.10. There exists a unit vector e P l2pRN1q such that the Galerkin projections of the normal
and curvature induced velocity,(4.9), satisfyż
Ip
pBtγp ¨ np ´ Vpq Θ˜k ds˜p “ ´ε
1{2
m1
〈
RrvKs, Z1kp,˚
〉
L2
`Opε4|σ1˚ ´ σ|, ε5, ε5}pˆ}V24 , ε} 9p}l2qek, (4.37)
for k P Σ1.
Proof. From (4.34) we have〈
Π0FpΦpq, Z1kp,˚
〉
L2
“ε
5{2m0
m1
pσ1˚ ´ σqAkppq ` ε7{2m1Bkppq `Opε7{2pσ1˚ ´ σq, ε9{2qδk0
`Opε7{2}pˆ}V22 , ε9{2}pˆ}V24qek
with Ak,Bk defined in (4.26). The result follows by combining this with (4.24), multiplying by ´ε1{2{m1,
and using the formulation (4.5) of the gradient flow to replace BtΦp `Π0FpΦpq with RrvKs. 
The meandering parameter p0 “ p0ptq controls the length of the interface Γp. Its equilibrium value p0˚ is
determined by 〈
Π0FpΦpq, Z1kp,˚
〉
L2
ˇˇˇ
p“p˚
“ 0 (4.38)
for p˚ “ pp0˚ ,p1˚ ,p2˚ ,0q.
Lemma 4.11. Suppose |σ0pΓ0,M0q´σ1˚ | À 1, then there exists ε0 small enough such that for each ε P p0, ε0q
p0˚ is well defined through (4.38) and admits the approximation p0˚ “ p0˚,0 ` εp0˚,1 `Opε2q with
p0˚,0 “ ´ m0c0R0m21
pσ1˚ ´ σ0pΓ0,M0qq ;
p0˚,1 “ 1c0R0
˜
1
2R20p1` p0˚,0q2
´ αpσ1˚ q
¸
` Θ0
c0
C1pp0˚,0qp0˚,0.
(4.39)
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Proof. From statement (1) of lemma 4.9 and (4.38), p0˚ solves
c0p0{Θ0 “ C pp0q. (4.40)
Here C defined in part (1) of Lemma 4.9 can be decomposed as C pp0q “ C0 ` εC1pp0q with
C0 :“ ´m0
m21
2piΘ0 pσ1˚ ´ σ0pΓ0,M0qq ,
C1pp0q :“ 2piΘ0
ˆ
1
2R20p1` p0q2
´ αpσ1˚ q
˙
` C1pp0qp0 ` C2pp0qpp0 ´ p0˚ q ` εC3pp0q,
(4.41)
and the base bulk density σ0 defined in (3.14).
The system is linear in p0 for ε “ 0, and hence has a unique solution. The smooth continuation of this
unique solution, for ε P p0, ε0q with ε0 small enough, is a simple application of the implicit function theorem
since C1 is smooth in p0. Noting Θ0 “ 1{?2piR0. A regular perturbation expansion p0˚ “ p0˚,0`εp0˚,1`Opε2q,
shows that (4.39). 
From Lemma 3.8, the equilibrium bulk density σ˚ “ σpp˚q with p˚ “ pp0˚ ,p1˚ ,p2˚ ,0q depends only on the
radial meander parameter p0˚ through
σ˚ “ σ0 ´ c0R0m
2
1
m0
p0˚ ` εp0˚Cpp0˚ q, (4.42)
With approximation of p0˚ given in Lemma 4.11 , we derive σ
˚ “ σ1˚ ` εσ2˚ `Opε2q with
σ2˚ “ ´c0Θ0m
2
1
m0
p0˚,1 “ m
2
1
m0
˜
´1
2R20p1` p0˚,0q2
` αpσ1˚ q ` p0˚,0Cpp0˚,0q
¸
. (4.43)
These relations give the map from the system mass to a unique, up to translation, equilibrium profile with
parameters pσ, p0, pˆq “ pσ˚,p0˚ ,0q.
Returning to (4.40) we may expanding C pp0q around p0˚ to write the residual in the form
C pp0q ´ c0
Θ0
p0 “ c0
Θ0
pp0˚ ´ p0q `Opεqpp0˚ ´ p0q. (4.44)
This allows us to reformulate the projection of the residual Π0FpΦpq onto Z10p,˚, given in part (1) of Lemma
4.9 in terms of p0 ´ p0˚ and }pˆ}V22 ,ż
Ω
Π0FpΦpqZ10p,˚ dx “ε5{2m1c0Θ0 pp0˚ ´ p0q `Opε
7{2|p0 ´ p0˚ |q
`O
´
ε5{2|p0 ´ p0˚ |}pˆ}V22 , ε7{2}pˆ}V22}pˆ}V23 , ε9{2}pˆ}V24
¯
.
(4.45)
Using (4.43) to eliminate σ2˚ and using the a priori assumption |p0ptq| ! 1 for all t P R`, we rewrite ck as,
ckpp0q “ c0
R0
pDkk ´ 1qpp0 ´ p0˚ q ` ε pDkk ´ 1q
2
R40
`Opε|p0|Dkkq, (4.46)
where D is the diagonal matrix defined in (2.7) that induces a norm on V22.
We estimate weighted norms of the projections by absorbing the factors of βk into higher V2j norms of p,
which impacts the statement of the error terms.
Corollary 4.12. Let k ě 3, the residual projected to the weighted space obeyż
Ω
Π0FpΦpqβkZ1kp,˚ dx “ ´ε5{2m1ckβkpk `Opε5{2|p0 ´ p0˚ |}pˆ}V22}pˆ}V23qek
`Opε7{2|p0 ´ p0˚ |}pˆ}V23 , ε7{2}pˆ}V23}pˆ}V24 , ε7{2}pˆ}V22}pˆ}V25 , ε9{2}pˆ}V25qek
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Proof. Multiplying (4.27) by βk we have〈
Π0FpΦpq, Z1kp,˚
〉
L2
“ βkIk ` βkRk,
in which βkRk “ βkRk,1 ` βkRk,2 are given in Lemma 6.8. We focus on βkIk and its expansion βkIk,1 `
βkIk,2 ` βkIk,3. Combining with (4.29) and (4.30), we have
βkIk “ε
5{2m0
m1
pσ1˚ ´ σqβkAkppq ` ε7{2m1βkBkppq
` ε
9{2
m1
ż
R2`
ż
Ip
pf3 ´ f83 qφ10βkΘ˜kzpκp ds˜p dzp ` βkIk,3.
Performing the integration in zp and recalling the form of f3 “ f3pzp,γ2pq, Lemma 6.6 and (2.31) with l “ 1
allow us to rewrite and estimate the integral on the second line of the equality above as
ε9{2
ż
Ip
hpγ2pqβkΘ˜k ds˜p “ Opε9{2}pˆ}V23qek
Estimation of βkIk,3 can be arrived at by similar arguments that use the form of Fě4 and Fe which collectively
contribute an error of order Opε9{2}pˆ}V25q. The remainder of the reduction follows the lines of the proof of
Lemma 4.9, using Lemmas 6.7 and 6.8 from the appendix. We omit the details. 
4.3. Projection of the orthogonal remainder RrvKs. We estimate the projection and weighted projec-
tion of the orthogonal remainder RrvKs in the flow (4.5) induced by the orthogonal perturbation vK that
lifts the solution u off of the bilayer manifold Mb. This requires an estimate of impact of the flow on the
meander basis functions. By the definition (3.30) of Zijp,˚, Lemma 2.8, we have the bounds
}BtZIpjqjp,˚ }L2 À ε´1} 9p}l2 , @j P Σ. (4.47)
A full justification is provided in Lemma 6.5 of [8].
Lemma 4.13. Under the assumption (4.11), there exists a unit vector e “ pekqN1´1k“0 such that the projection
of the orthogonal remainder RrvKs, defined in (4.6), to the meandering space satisfies the bound〈
RrvKs, Z1kp,˚
〉 “ O ´ε´3{2}vK}L2} 9p}l2 , pε2 ` ε2}pˆ}V24q}vK}L2 , }NpvKq}L2¯ ek,
and the weighted estimate〈
RrvKs, βkZ1kp,˚
〉 “ O ´ε´5{2}vK}L2} 9p}, pε3{2}pˆ}V25 ` ε1{2q}vK}L2 , ε´1}NpvKq}L2¯ ek
for k ě 3 and k P Σ1.
Proof. We break the orthogonal remainder into its three component terms, and rewrite the projection of
BtvK as 〈BtvK, Z1kp,˚〉L2 “ Bt 〈vK, Z1kp,˚〉L2 ` 〈vK, BtZ1kp,˚〉L2 .
The first item on the right-hand side is zero since vK is perpendicular to the meandering slow space Z1˚; and
the second term is bounded through Ho¨lder’s inequality and estimate (4.47). Combining these, we deduce〈BtvK, Z1kp,˚〉L2 “ Opε´1} 9p}l2}vK}L2q, (4.48)
which together with the dimension N1 ď ε´1 of Z1˚ and approximate orthogonality (3.35) we deduce
}ΠZ1˚BtvK}L2 À ε´1N
1{2
1 } 9p}l2}vK}L2 À ε´3{2} 9p}l2}vK}L2 .
For the second term in the orthogonal remainder, Π0LpvK, we turn to Lemma 3.13 to bound its projection.
In fact, this yields the estimate ›››ΠZ1˚Π0LpvK››› À pε2 ` ε2}pˆ}V24q}vK}L2 . (4.49)
REGULARIZED CURVE LENGTHENING FROM THE STRONG FCH FLOW 29
The third term in the orthogonal residual is the nonlinearity NpvKq which has the simple bound
}ΠZ1˚Π0NpvKq}L2 À }NpvKq}L2 . (4.50)
The unweighted estimate of Lemma 4.13 follows. For the weighted estimate, the term βk is uniformly bounded
by ε´1, so that unweighted estimate implies〈
RrvKs, βkZ1kp,˚
〉 “ O ´ε´2}vK}L2} 9p}, pε` ε}pˆ}V24q}vK}L2 , ε´1}NpvKq}L2¯ ek.
From the definition of V2k, and Young’s inequality we have the embedding estimate
}pˆ}V24 ď }pˆ}
1{2
V23
}pˆ}1{2V25 À ε
1{2}pˆ}V25 ` ε´1{2}pˆ}V23 .
The weighted estimate follows by the a priori bound on }pˆ}V23 for p P O2,δ. 
4.4. Dynamics of meandering parameters p. By combining the results of Lemmas 4.5, 4.9 and 4.13 we
obtain a detailed reduction of the dynamics of the meandering parameters p induced by the gradient flow.
For simplicity of presentation, we introduce two time-dependent functions
Eptq :“ ε` }pˆ}V22 ` |p0| ` ε´3{2}vK}L2 ; Ewptq :“ ε` }pˆ}V23 ` |p0| ` ε´2}vK}L2 . (4.51)
Obviously, Eptq ď Ewptq for any t P R`. Our assumptions make these two quantities small in L8pR`q, as
required in Theorem 4.14 and Corollary 4.15, respectively.
Theorem 4.14. In addition to the a priori assumptions (4.11) suppose vK satisfies }vK}L2 ! ε3{2 such that
Eptq is suitably small uniformly in time, then the meandering parameters p “ pp0,p1,2, pˆq evolve according
to
9p0 “ ´ε3 c0
R0
pp0 ´ p0˚ q ` d0,
9pk “ O
´
ε3|p0 ´ p0˚ |}pˆ}V23
¯
` dk for k “ 1, 2,
9ˆp “ ´ε3
„
c0
R0
pD` UT qpp0 ´ p0˚ q ` εR40
pD´ Iq2

pˆ` dˆ.
(4.52)
Here I is the pN1 ´ 3q by pN1 ´ 3q identity matrix, and U is defined in (4.15). The vector d “ pd0, d1q with
d1 “ pd1, d2, dˆq denotes error terms that satisfy
|d0| À ε3Eptq|p0 ´ p0˚ | ` ε4Eptq}pˆ}V24 ` ε5{2}vK}L2 ` ε1{2}NpvKq}L2 ;
}d1}l2 À ε3Eptq|p0 ´ p0˚ |}pˆ}V22 ` ε4pε` ε´2}vK}L2q|p0 ´ p0˚ | ` ε4Eptq}pˆ}V24
` ε5{2}vK}L2 ` ε1{2}NpvKq}L2 .
Moreover the rate of change 9p “ p 9p0, 9p1,2, 9ˆpq admits the upper bounds:
} 9p}l2 À ε3|p0 ´ p0˚ | ` ε4}pˆ}V24 ` |d0| ` }d1}l2 . (4.53)
Proof. Projecting equation (4.5) onto Z1kp,˚ in L2, using the definition (4.12) of T yields
〈T 9p,Bk〉l2 “´
〈
Π0FpΦpq, Z1kp,˚
〉
L2
` 〈RrvKs, Z1kp,˚, 〉L2 , (4.54)
where RrvKs defined in (4.6) is the orthogonal remainder contributed by vK. We first address the case k “ 0,
multiplying the identity (4.54) with k “ 0 by ´ε1{2 µ0m1 ¨ Θ0R0 and applying Lemmas 4.5 and identity (4.45)
yields the ODE
9p0 “ ε3 c0
R0
pp0 ´ p0˚ q ` d0. (4.55)
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The remainder d0 satisfies the bound
|d0| Àε3
´
ε` }pˆ}V22 ` |µ0 ´ 1|
¯
|p0 ´ p0˚ | ` pε2 ` }pˆ}V22q} 9p}l2 ` ε4}pˆ}V22}pˆ}V23 ` ε5}pˆ}V24
` ε1{2
ˇˇˇ〈
RrvKs, Z1kp,˚
〉
L2
ˇˇˇ
.
The quantity µ0 “ 1 ` Op|p0|, εq was introduced in (4.18) and the projection of the orthogonal remainder
was bounded in Lemma 4.13. With these estimates and introduction of Eptq in (4.51) we simplify the bound
of d0,
|d0| Àε3Eptq|p0 ´ p0˚ | ` Eptq} 9p}l2 ` ε4Eptq}pˆ}V24 ` ε5{2}vK}L2 ` ε1{2}NpvKq}L2 . (4.56)
For k ě 1, we multiply identity (4.54) by ´ε1{2µ0{m1 and apply Lemmas 4.5 and 4.9 for k ě 1 to deduce
9pk “ ´ 9p0
`
pk1tkě3u ´ pˆTUBk
˘´ ε3µ0ckpk ` dk. (4.57)
The remainder d1 “ pdkqN1´1k“1 can be bounded in l2 by collecting those remainders in Lemmas 4.5 and 4.9
and applying Lemma 4.13,
}d1}l2 Àε3Eptq|p0 ´ p0˚ |}pˆ}V22 ` ε4Eptq}pˆ}V24 `
´
ε2 ` }pˆ}2V22 ` ε´1}vK}L2
¯
} 9p}l2
` }pˆ}V22} 9p1,2}l2 ` ε5{2}vK}L2 ` ε1{2}NpvKq}L2 .
(4.58)
Replacing 9p0 on the right-hand side of 4.57 with the right-hand side of (4.55), using the expansion µ0 “
1`Op|p0|, εq, and replacing ck with (4.46) yields
9pk “´ c0
R0
pp0 ´ p0˚ q
`
pk1tkě3u ´ pˆTUBk
˘´ ε3ckpk ` d˜k
“´ ε3
„
c0
R0
pp0 ´ p0˚ qDkk ` εR40
pDkk ´ 1q2

pk1tkě3u ` c0R0 pp0 ´ p0˚ qpˆUBk ` d˜k.
(4.59)
We have introduced d˜k “ dk `Op}pˆ}V22d0, ε3p|p0| ` εq|p0 ´ p0˚ |}pˆ}V22 , ε4p|p0| ` εq}pˆ}V24qek. In the remainder
of the proof we omit the title on dk. From (4.58) the revised definition of d
1 “ pdkqN1´1k“1 enjoys the l2-bound
}d1}l2 À ε3Eptq|p0 ´ p0˚ |}pˆ}V22 ` }pˆ}V22 |d0| ` ε4Eptq}pˆ}V24 `
´
ε2 ` }pˆ}2V22
` ε´1}vK}L2
¯
} 9p}l2 ` }pˆ}V22} 9p1,2}l2 ` ε5{2}vK}L2 ` ε1{2}NpvKq}L2 .
(4.60)
The bounds (4.56) and (4.60) are not yet closed since they depend on 9p, however from (4.52) we derive
| 9p0| À ε3|p0 ´ p0˚ | ` |d0|, } 9ˆp}l2 À ε3|p0 ´ p0˚ |}pˆ}V22 ` ε4}pˆ}V24 ` }d1}l2 ,
| 9p1,2| À ε3|p0 ´ p0˚ |}pˆ}V22 ` }d1}l2 .
(4.61)
Then the estimates (4.53) follow directly. Using this bound (4.53) and the bound on 9p1,2 from (4.61) on the
right-hand side of (4.56) and (4.58), and remarking that ε2 ` ε´1}vK}L2 ` }pˆ}V22 ! 1, then some algebraic
rearrangement leads to the bounds
|d0| À ε3Eptq|p0 ´ p0˚ | ` Eptq}d1}l2 ` ε4Eptq}pˆ}V24 ` ε5{2}vK}L2 ` ε1{2}NpvKq}L2 ;
}d1}l2 À ε3Eptq|p0 ´ p0˚ |}pˆ}V22 ` pε5 ` ε2}vK}L2q|p0 ´ p0˚ | ` ε4Eptq}pˆ}V24 ` Eptqd0
` ε5{2}vK}L2 ` ε1{2}NpvKq}L2 .
Using the estimate on }d1}l2 to eliminate it from the right-hand side of the estimate on |d0| yields the final
upper bound for d0. The final l
2-estimate for d1 follows from the estimate above and the a priori assumptions
(4.11). 
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Corollary 4.15. If }vK}L2 ! ε2 and assumption (4.11) holds so that Ewptq introduced in (4.51) is suitably
small uniformly in time, then the weighted meander evolution can be written in the form
D1{2 9ˆp “ ´ε3
„
c0
R0
pD` UT qpp0 ´ p0˚ q ` εR40
pD´ Iq2

D1{2pˆ` dˆw,
where the weighted remainder dˆw “ pdw,kqN1´1k“3 satisfies
}dˆw}l2 Àε3Ewptq|p0 ´ p0˚ |}pˆ}V23 ` ε4|p0 ´ p0˚ | ` Ewptq|pˆ}V25 ` ε}vK}L2 ` ε´1{2}NpvKq}L2 .
Proof. Multiplying equation (4.54) by the weight βk we have
〈T 9p, βkBk〉l2 “ ´
〈
Π0FpΦpq, βkZ1kp,˚
〉
L2
´ 〈RrvKs, βkZ1kp,˚〉L2 .
Multiplying this result by ´ε´1{2µ0{m1 and applying Corollaries 4.7 and 4.12 yields
βk 9pk “ ´ 9p0
`
βkpk ´ βkpˆTUBk
˘´ ε3µ0ckβkpk ` dw,k, (4.62)
where from Lemma 4.13 the weighted remainder dˆw “ pdw,kq can be bounded as
}dˆw}l2 Àε3
´
}pˆ}V22 ` ε
¯
|p0 ´ p0˚ |}pˆ}V23 ` ε4Ewptq}pˆ}V25 ` }pˆ}V22} 9p1,2}l2
` pε` }pˆ}V22}pˆ}V23 ` ε´2}vK}L2q} 9p}l2 ` }pˆ}2V22} 9p}V21
` ε}vK}L2 ` ε´1{2}NpvKq}L2 .
As in the unweighted case, we use the first equation of (4.52) to substitute for 9p0 in the right-hand side of
(4.62), replace ck with its definition (4.46), and recall that µ0 “ 1 ` Opε, |p0|q. These manipulations yield
the equation
βk 9pk “ ´ε3
„
c0
R0
pp0 ´ p0˚ qDkk ` εR40
pDkk ´ 1q2

βkpk1tkě3u ` c0R0 pp0 ´ p0˚ qβkpˆUBk ` d˜w,k,
where from Lemma 4.8 the revised remainder takes the form
d˜w,k “ dw,k `Op}pˆ}V22d0, ε3Ew|p0 ´ p0˚ |}pˆ}V23 , ε4Ew}pˆ}V25q.
We drop the tilde, and the weighted evolution presented in the Lemma follows. The revised from of the
remainder dˆw satisfies the bound
}dˆw}l2 Àε3Ewptq|p0 ´ p0˚ |}pˆ}V23 ` }pˆ}V22 |d0| ` ε4Ewptq}pˆ}V25 ` }pˆ}V22} 9p1,2}l2
` pε` }pˆ}V22}pˆ}V23 ` ε´2}vK}L2q} 9p}l2 ` }pˆ}2V22} 9p}V21 ` ε}vK}L2 ` ε´1{2}NpvKq}L2 .
(4.63)
Since 9p “ p 9p0, 9p1,2,9ˆpq, from the evolution system in the Lemma, the definition of V21, and the bounds on
9p0, 9p1,2 from Theorem 4.14 we find
} 9p}V21 À | 9p0| ` | 9p1,2| ` }D1{2 9ˆp}l2
À ε3|p0 ´ p0˚ | ` |d0| ` }d1}l2 ` ε4}p}V25 ` }dˆw}l2 .
Using this estimate and the bounds on d0, }d1}l2 , } 9p}l2 from Theorem 4.14 in the right-hand side of (4.63),
we obtain the desired bound on dˆw.

Lemma 4.16. The diagonal matrices D and D ´ I are uniformly comparable as maps from l2 to l2, in
particular,
1
2
}D}l˚2 ď }D´ I}l˚2 ď }D}l˚2 .
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Proof. Since D and D ´ I are both diagonal, we only need compare their diagonal elements. Indeed, their
k-th diagonal term are β2k and β
2
k ´ 1, for D and D ´ I respectively. The Lemma follows directly from the
relationship
1
2
β2k ď β2k ´ 1 ď β2k
since β2k ą 2 for k ě 3, see (2.5). 
5. Nonlinear stability and normal velocity
We close the nonlinear estimates which establish the stability of the bilayer manifold defined around the
circular equilibrium, and derive the normal velocity of the interfaces Γp that corresponds to the meander
evolution. A key to the analysis is that the operator Π0Lp is uniformly coercive on the space L2-orthogonal
to the slow space Z˚ppq. However the slow space includes the pearling space Z0˚ppq on which the operator
is weakly coercive. This dichotomy motivates a further decomposition of the orthogonal perturbation vK in
pearling and fast modes as
vK “ Qpx, tq ` wpx, tq, w P ZK˚pp, ρq, (5.1)
where Q “ ΠZ0˚vK P Z0˚ admits the form
Q “
ÿ
jPΣ0
qjZ
0j
p,˚,
for some q “ qptq “ pqiqiPΣ0 . The decomposition is well posed by Lemma 4.10 of [8] which follows from the
almost-orthogonality (3.35). Moreover, this Lemma establishes the bounds
}Q}H2in ` }w}H2in À }vK}H2in ; }Q}H2in „ }q}l2 .
5.1. Control of q, w. The decomposition (5.1) of vK, allows us to write (4.5) as an evolution for Q
BtQ`Π0LpQ “ ´BtΦp ´ Btw ´Π0FpΦpq ´Π0Lpw ´Π0NpvKq. (5.2)
Taking the L2 projection onto Q and onto BtQ we obtain the l2 estimates on the evolution of the pearling
parameters q.
Lemma 5.1. Under assumptions (4.11), if the pearling stability condition pPSCq (3.38) holds uniformly
independent of ε, ρ, then there exists C ą 0 independent of ε such that the pearling parameters q “ pqkptqqkPΣ0
obey
Bt}q}2l2 ` Cε}q}2l2 À ερ´4}Lpw}2L2 ` ε´1}NpvKq}2L2 ` ε8}pˆ}2V24 .
Moreover, the l2-norm of the time derivative 9q can be bounded by
} 9q}2l2 À }q}2L2 ` ε2}w}2L2 ` ε} 9p}2l2 ` }NpvKq}2L2 ` ε9}pˆ}2V24 .
Proof. The proof is a simplification of that of Lemma 5.4 of [8] since the base interface Γ0 is a circle, so the
contribution from the geometric quantities of the base interface Γ0 are zero. 
The equation (5.2) can be rewritten as an equation of the fast modes w,
Btw `Π0Lpw “ ´BtΦp ´ BtQ´Π0FpΦpq ´Π0LpQ´Π0NpvKq. (5.3)
By taking L2-inner product with Lpw, we develop two H2 estimates of w by dealing with the residual
differently. These estimates have utility on different time scales.
Lemma 5.2. Under the a priori assumptions (4.11), the function w P ZK˚, obeys
d
dt
〈Lpw,w〉L2 `
1
2
}Lpw}2L2 À ε´1} 9p}2l2 ` ε2ρ´4}q}2l2 ` ε5|p0 ´ p0˚ |2 ` ε7p1` }pˆ}2V24q ` }NpvKq}2L2 ;
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The fast modes also obey the second estimate
d
dt
〈Lpw,w〉L2 `
1
2
}Lpw}2L2 Àε´1} 9p}2l2 ` ε2ρ´4}q}2l2 ` ε5p|p0 ´ p0˚ |2 ` }pˆ}2V22q
` ε7}pˆ}2V24 ` }NpvKq}2L2 .
(5.4)
Proof. The first estimate is derived in Lemma 5.3 of [8], we address the second estimate. Taking the L2-inner
product of (5.3) with Lpw we estimate each term as in the first case, except for the residual FpΦpq. This
yields the bound
d
dt
〈Lpw,w〉L2 ` }Lpw}2L2 À
´
ε1{2} 9p}l2 ` ερ´2p}q}l2 ` } 9q}l2q ` }N}L2
¯
}Lpw}L2
´ 2 〈Π0FpΦpq,Lpw〉L2 .
Applying Ho¨lder’s and Young’s inequality this reduces to the estimate
d
dt
〈Lpw,w〉L2 ` }Lpw}2L2 Àε} 9p}2l2 ` ε2ρ´4p}q}2l2 ` } 9q}2l2q ` }N}2L2 ` }Π0FpΦpq}2L2 .
The second estimate on w follows from the L2-bound on the residual Π0FpΦpq given in Lemma 3.11, and
the l2-bound on 9q in Lemma 5.1. 
The Lemmas 5.2, 5.1 and Theorem 4.14, incorporate L2-bounds of the nonlinear term NpvKq. This
quantity, and the L8 norm of the orthogonal perturbation are bounded in terms of the fast and the pearling
modes in Lemma 5.9 of [8], which we quote below for completeness.
Lemma 5.3. If }vK}L8pΩq is bounded independent of ε, then
}NpvKq}L2 À ε´1
´
ρ´2 〈Lpw,w〉L2 ` }qptq}2l2
¯
, (5.5)
Moreover, if vK “ w `Q as in (5.1) then it admits the upper bound
}vK}L8 À ε´1
´
ρ´1 〈Lpw,w〉1{2L2 ` }qptq}l2
¯
.
The following result, Theorem 5.13 of [8], establishes that the bilayer manifold around a general admissible
pair pΓ0,M0q, see (3.40), is stable up to its boundary. Specifically, orbits that start within a thin tubular
neighborhood of Mb say within a comparable tubular neighborhood until the meander parameters p reach
the boundary of the domain Oδ.
Theorem 5.4. [Theorem 5.13 [8]] Consider the mass preserving flow (1.10)-(1.11) subject to periodic
boundary condition and initial data u0 P Vε5{2pMbpΓ0,M0q,Oδq. Let pΓ0,M0q be a admissible pair that
satisfies
|σ0p|Γ0|,M0q ´ σ1˚ | À δ,
where σ1˚ “ σ1˚ pη1, η2q, introduced in (1.8), satisfies the pearling stability condition pPSC˚q, (1.16). Then for
δ small enough, there exists ε0 small enough such that for all ε P p0, ε0q the solution u lies in the projection
valid domain UpMbq so long as p P O2,δ. And the following statement holds on the residence interval r0, T s.
(1) The solution of the mass preserving flow (1.11) can be decomposed as
upxq “ Φppx;σq ` vKpxq, vKpxq “ Qpxq ` wpxq (5.6)
where Φp PMbpΓ0,M0; ρq and Q is the projection of vK to the pearling slow space, i.e. Q “ ΠZ0˚vK P
Z0˚.
(2) Moreover, the orthogonal perturbation vK remains in VCε5{2ρ´2 for some positive constant C, that is
}vK}H2in À }w}H2inptq ` }q}l2ptq ď Cε5{2ρ´2, @t P r0, T s. (5.7)
34 YUAN CHEN AND KEITH PROMISLOW
5.2. Nonlinear stability. For a circular base interface Γ0, we extend the result of Theorem 5.4 to show
that the time of residence T of orbits u “ uptq that start in the thin tubular neighborhood is infinite, and
that the orbits converge to a translate of the circular equilibrium. We fix ε0 and the spectral parameter ρ
small enough, and choose δ be a small independent of ε P p0, ε0q. In this sub-section we impose additional a
priori assumptions on the velocity of the meandering parameters p and the perturbation vK,
p P O2,δ, } 9p}l2 À ε3, ε´2}vK}L2 ď δ. (5.8)
These assumptions subsume the in (4.11), of Theorem 4.14, and of Corollary 4.15, for δ small enough. In
particular, the auxiliary functions introduced in (4.51) satisfy
Eptq À δ, Ewptq À δ. (5.9)
Lemma 5.5. Under the a prior assumptions (5.8) with δ small enough, for c0 given in (3.14) the meander
parameters evolving according to (4.52) satisfy
d
dt
|p0 ´ p0˚ |2 ` ε3 c02R0 |p0 ´ p0˚ |
2 À ε5δ2}pˆ}2V24 ` ε2}vK}2L2 ` ε´2}NpvKq}2L2 ;
and
d
dt
}pˆ}2V22 `
ε4
32R20
}pˆ}2V24 À ε2|p0 ´ p0˚ |2}pˆ}2V22 ` ε}vK}2L2 ` ε´3}NpvKq}2L2 .
Moreover, the time derivative of p has the following l2 bound
} 9p}l2 À ε3|p0 ´ p0˚ | ` ε4}pˆ}V24 ` ε5{2}vK}L2 ` ε1{2}NpvKq}L2 .
Proof. Multiplying equation for p0 from Theorem 4.14 by 2pp0 ´ p0˚ q and applying Young’s inequality we
deduce the bound
d
dt
|p0 ´ p0˚ |2 ` ε3 c0R0 |p0 ´ p0˚ |
2 À ε´3d20.
Using the bound on the remainder d0 from Theorem 4.14 with Eptq bounded by (5.9), the inequality of p0
follows provided with δ small enough.
For the first estimate on pˆ, we note that }pˆ}V22 “ }Dpˆ}l2 and take the inner product of the evolution
equation for pˆ in Theorem 4.14 with 2D2pˆ. This yields the equality
d
dt
}pˆ}2V22 “ ´ε3
2c0
R0
pp0 ´ p0˚ q
〈pD` UT qpˆ,D2pˆ〉
l2
´ 2ε
4
R20
〈pD´ Iq2pˆ,D2pˆ〉
l2
` 2
〈
dˆ,D2pˆ
〉
l2
. (5.10)
By Ho¨lder’s inequality and the bound }UT }l˚2 À }D}l˚2 from Corollary 4.8, the first term on the right-hand
side of (5.10) can be bounded from above by
´ε3 2c0
R0
pp0 ´ p0˚ q
〈pD` UT qpˆ,D2pˆ〉
l2
À ε3|p0 ´ p0˚ |}Dpˆ}l2}D2pˆ}l2
ď Cε2}pˆ}2V23 |p0 ´ p0˚ |2 `
ε4
32R20
}pˆ}2V25 .
for a constant C independent of ε P p0, ε0q. From Lemma 4.16, the second term on the right-hand side is
negative and can be bounded from above by
´2ε
4
R20
〈pD´ Iq2pˆ,D2pˆ〉
l2
ď ´2ε
4
R20
}pD´ Iq2pˆ}2l2 ď ´
ε4
8R20
}pˆ}2V24 .
Then employing Ho¨lder and Young’s inequality to bound the third item on the right hand side of (5.10)
implies
d
dt
}pˆ}2V22 `
ε4
16R20
}pˆ}2V24 À ε2|p0 ´ p0˚ |2}pˆ}2V22 ` ε´4}dˆ}2l2 .
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It remains to obtain an bound on }dˆ}l2 . In fact, }dˆ}l2 ď }d1}l2 and the latter is bounded in Theorem 4.14.
We note that Eptq À δ and ε´2}vK}L2 ď δ. Using the bound on }d1}l2 from Theorem 4.14, we have
ε´4}dˆ}2l2 À ε2δ2|p0 ´ p0˚ |2}pˆ}2V22 ` ε4|p0 ´ p0˚ |2 ` ε4δ2}pˆ}2V24 ` ε}vK}L2 ` ε´3}NpvKq}2L2 .
Absorbing these terms involving }pˆ}V24 and }pˆ}V22 for δ suitably small independent of ε, we obtain the first
estimate on pˆ.
Finally, the l2-bound on 9p follows from the bound on } 9p}l2 and the estimates on d “ pd0, d1q in Theorem
4.14. 
We require bounds on the evolution of weighted norms of p.
Lemma 5.6. Under the a priori assumptions of (5.8) with δ small enough, there exists a strictly positive
constant c˚ independent of ε P p0, ε0q, ρ, δ such that
d
dt
}pˆ}2V23 ` c˚ε4}pˆ}2V25 À ε2|p0 ´ p0˚ |2}pˆ}2V23 ` ε4|p0 ´ p0˚ |2 ` ε´2}vK}2L2 ` ε´5}NpvKq}2L2 .
Proof. Since }pˆ}V23 “ }D3{2pˆ}l2 we take the l2-inner product of the weighted evolution equation in Corollary
4.15 with 2D5{2pˆ. This yields the equality
d
dt
}pˆ}2V23 “´ ε3
2c0
R0
pp0 ´ p0˚ q
〈
pD` UT qD1{2pˆ,D5{2pˆ
〉
l2
´ 2ε
4
R20
〈
pD´ Iq2D1{2pˆ,D5{2pˆ
〉
l2
` 2
〈
dˆw,D5{2pˆ
〉
l2
.
(5.11)
By Ho¨lder’s inequality and the bound }UT }l˚2 À }D}l˚2 from Corollary 4.8, the first term on the right-hand
side of (5.11) can be bounded from above by
´ε3 c0
R0
pp0 ´ p0˚ q
〈
pD` UT qD1{2pˆ,D5{2pˆ
〉
l2
À ε3|p0 ´ p0˚ |}D3{2pˆ}l2}D5{2pˆ}l2
ď Cε2}pˆ}2V23 |p0 ´ p0˚ |2 `
ε4
64R20
}pˆ}2V25 .
for a constant C independent of ε P p0, ε0q. The second inequality above follows from an application of
Young’s inequality and the definition of V23,V25 in terms of D. To address the second term on the right-hand
side of (5.11) we recall that the diagonal matrices satisfy 12D ď D´ I ď D and Lemma 4.16 so that
´2ε
4
R20
〈
pD´ Iq2D1{2pˆ,D5{2pˆ
〉
l2
ď ´2ε
4
R20
}pD´ Iq5{2pˆ}2l2 ď ´
ε4
16R20
}D5{2pˆ}2l2 ď ´
ε4
16R20
}pˆ}2V25 .
To bound the third term on the right-hand side of (5.11) we applying Ho¨lder’s and Young’s inequalities,
which yield C ą 0 such that 〈
dˆw,D5{2pˆ
〉
l2
ď ε
4
64R20
}pˆ}2V25 ` Cε´4}dˆw}2L2 .
Using the l2-bound of dˆw from Corollary 4.15 and returning the three estimates above to (5.11), and taking
c˚ “ 132R20 completes the proof provided with ε0 and δ small enough. 
To close our analysis we must reconcile the a priori bounds with the estimates we have derived. This
requires that we restrict the initial energy in the system as measured by the difference between the initial
and equilibrium curve length, |p0 ´ p0˚ |, and the weighted V22- and V23-norms of pˆ that control the deviation
of the initial curve from circularity. Correspondingly we introduce the parameter set
Om˝,δ :“
!
p P RN1 ˇˇ ε´1{2|p0 ´ p0˚ | ` }pˆ}V23 ă mδ) . (5.12)
Our analysis requires Om˝,δ Ă Om,δ, see (4.2). This is established under the assumption on the initial data.
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Lemma 5.7. Fix δ ą 0, and let ε0 ą 0 be sufficiently small. Then for any admissible pair pΓ0,M0q with
base bulk density σ0, given in (3.14), that is sufficiently close to the equilibrium bulk density σ1˚ , defined in
(1.8), satisfying
|σ0pΓ0,M0q ´ σ1˚ | ď c0m
2
1R0
2m0
δ, (5.13)
we have Om˝,δ Ă Om,δ for m ě 1.
Proof. Pick any p P Om˝,δ, we are going to prove p P Om,δ for m ě 1. By the definition of Om,δ in (4.2), it
suffices to show |p0| ď δ. From Lemma 3.8 and the triangle inequality we have
|p0| ď m0
c0m21R0
|σppq ´ σ1˚ | ` m0c0m21R0
|σ1˚ ´ σ0| ` Cε.
Recalling σ˚ “ σ1˚ `Opεq , the bound above, together with Corollary 3.10 and |p0´p0˚ | ď mε1{2 for p P Om,δ
yields
|p0| ď |p0 ´ p0˚ | ` δ2 ` Cε ă δ,
for ε P p0, ε0q and ε0 sufficiently small with respect to δ. 
Our main result establishes the asymptotic stability of the nearly circular bilayer manifold. We assume
that pΓ0,M0q is a admissible pair, that the base interface Γ0 is circle of radius R0 ą 0, and the pair satisfy
(5.13) for which σ1˚ “ σ1˚ pη1, η2q, introduced in (1.8), satisfies the pearling stability condition pPSC˚q, (1.16).
Theorem 5.8. Consider the mass preserving gradient flow (1.10)-(1.11) subject to periodic boundary con-
ditions. Let pΓ0,M0q be a admissible pair that satisfies (5.13), and σ1˚ “ σ1˚ pη1, η2q given in (1.8) sat-
isfies the pearling stability condition pPSC˚q, (1.16). Then there exists δ, ρ, and ε0 small enough such
that for all ε P p0, ε0q, the solution u of the mass preserving gradient flow arising from initial data u0 P
Vε5{2pMbpΓ0,M0; ρq,Oδ˝q defined in (4.1), remains in a slightly bigger set for all t P r0,8q. Indeed the so-
lution admits the decomposition (5.6) and there are constants C, c ą 0 independent of δ, ρ, ε P p0, ε0q, and
choice of initial data for which the orthogonal perturbation vK satisfies
}vK}H2in ď Cε5{2ρ2, }vK}H2in ď Ce´cε
4t, (5.14)
and projected meander parameters relax to an equilibrium value p˚ “ pp0˚ ,p1˚,2,0q according to
|p0 ´ p0˚ |2 ` ε}pˆ}2V22 ď 4εδ2e´cε
4t. (5.15)
The equilibrium curve length parameter p0˚ admits the approximation
p0˚ “ ´ m0c0R0m21
pσ1˚ ´ σ0q `Opεq, σ1˚ “ ´η1 ` η22m0 m
2
1, σ0 “ M0 ´ 2piR0m0B82 |Ω|
`Opε2q, (5.16)
where the positive constants c0,m0,m1 are defined in (3.14), (1.6), η1, η2 are system parameters. For all
k ď 4 we have the temporal L2 bound
ε4
ż 8
0
ecε
4t}pˆ}2V2k dt ď 4δ
2. (5.17)
The translation parameters p1,p2 remain within Opδq of their initial value p1p0q,p2p0q and converge to p1˚ ,p2˚
as tÑ8.
Proof. Since u0 P Vε5{2pMb,Oδ˝q, there exists p0 P Oδ˝ and v0 P H2in satisfying }v0}H2in ď ε5{2 such that
u0 “ Φp0 ` v0. Lemma 4.2 affords the decomposition u0 “ Φpp0q ` vK0 where Φpp0q “ ΠMbu0 and vK0 is the
orthogonal perturbation. The distance from pp0q to p0 P Oδ˝ can be bounded by
}pp0q ´ p0}l2 À ε3, }pˆp0q ´ pˆ0}V23 À N31 }pˆp0q ´ pˆ0}l2 À ρ3{4,
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where we applied Lemma 2.5 and bounded N1 from (3.33). Note that p0 P Oδ˝ . Hence for ε0, ρ small enough
depending on δ, triangle inequality implies initial meander parameters satisfy
ε´1{2|p0p0q ´ p0˚ | ` }pˆp0q}V23 ď
3δ
2
, (5.18)
and there exists T ą 0 such that
pAq ε´1{2|p0ptq ´ p0˚ | ` }pˆ}V23ptq ă 2δ, } 9p}l2ptq ă 2ε3 @t P r0, T q. (5.19)
We show T “ 8 in the following.
The equilibrium pearling stability condition pPSC˚q holds by assumption. Under the a priori assumption
pAq the dynamic pearling stability condition pPSCq (3.38) holds uniformly. Indeed, since σ˚ “ σ1˚ ` Opεq,pPSCq holds if σ stays close to σ˚, which follows from Corollary 3.10 since
|σ ´ σ˚| À |p0 ´ p0˚ | ` ε2}pˆ}V22 À ε1{2δ. (5.20)
Choosing ε0 small enough the dynamic pearling stability condition pPSCq holds uniformly on r0, T s and
Theorem 5.4 applies, which in turn affords the following uniform bounds on w,q
〈Lpw,w〉L2 À ε5ρ´2, }q}2l2 À ε5ρ´4 @t P r0, T q. (5.21)
Since vK “ Q`w is an orthogonal decomposition and }Q}H2in „ }q}l2 , we may estimate vK and the nonlinear
term NpvKq from Lemma 5.3,
}vK}2H2in À ρ
´2 〈Lpw,w〉L2 ` }q}2l2 , }NpvKq}2L2 À ε´2
`
ρ´2 〈Lpw,w〉L2 ` }q}l2
˘2
. (5.22)
The H2in bound of v
K in (5.14) follows from the coercivity of Lp. Furthermore, we rewrite these bounds in
(5.22) as
}vK}2H2in À ρ
´4}Lpw}2L2 ` }q}2l2 , }NpvKq}2L2 À ε3ρ´8}Lpw}2L2 ` ε3ρ´4}q}2l2 . (5.23)
Combining the estimates above and (5.21) with Lemma 5.5 yields an estimate of } 9p}l2 . In particular, for
ε0 small enough
} 9p}l2 ď ε3 @t P r0, T q. (5.24)
It remains to bound the length residual |p0 ´ p0˚ | and }pˆ}V23 in order to verify the apriori assumptions pAq.
From Lemma 5.5 and (5.23) obtain the useful bound of } 9p}l2
} 9p}2l2 À ε6|p0 ´ p0˚ |2 ` ε8}pˆ}2V24 ` ε4ρ´8}Lpw}2L2 ` ε4ρ´4}q}2l2 . (5.25)
Step 1: Uniform estimates of |p0 ´ p0˚ | and pˆ in V23. We introduce a mixed, weighted energy:
E1ptq :“ }pˆ}2V23 ` ε´1|p0 ´ p0˚ |2 ` ε´2ρ´10 〈Lpw,w〉L2 ` ε´3ρ´5}q}2l2 .
Combining the first estimate on w from Lemma 5.2, q from Lemma 5.1, and the V23-estimate of pˆ from
Lemma 5.6, and the } 9p}l2 bound (5.25) we find a revised positive constant c˚ independent of ε, ρ, δ for which
the E1-dissipation inequality
d
dt
E1ptq ` c˚
´
ε4}pˆ}2V25 ` ε2|p0 ´ p0˚ |2 ` ε´2ρ´10}Lpw}2L2 ` ε´2ρ´5}q}2l2
¯
À Gptq ` ε5ρ´10 ` ε´2}vK}2L2 ` ε´5}NpvKq}2L2
holds. Here we have introduced
Gptq :“ε´3ρ´10} 9p}2l2 ` ε4pδ2 ` ερ´10 ` ε2ρ´2q}pˆ}V24 ` ε2pδ2 ` ερ´10q|p0 ´ p0˚ |2
` ε´2ρ´10pρ` ερ´8q}Lpw}2L2 ` pρ´13 ` ερ´14q}q}2l2 .
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For δ, ρ small enough, and ε P p0, ε0q with ε0 small enough, depending on ρ, δ, the function Gptq can be
absorbed into the positive term on the left-hand side of the E1-dissipation inequality. The bounds on the
orthogonal perturbation vK and nonlinear terms NpvKq in (5.23) and estimate of w,q in (5.21) imply
d
dt
E1ptq ` c˚
2
´
ε4}pˆ}2V25 ` ε2|p0 ´ p0˚ |2 ` ε´2ρ´10}Lpw}2L2 ` ε´2ρ´5}q}2l2
¯
À ε5ρ´10.
Since }pˆ}V23 ď }pˆ}V25 , we deduce that E1-dissipation inequality reduces to the simple form
d
dt
E1ptq ` c˚
2
ε4E1ptq À ε5ρ´10.
Multiplying by ec˚ε
4t{2, integrating, and applying the initial bound (5.18), we derive the uniform bound
E1ptq ď e´c˚ε4t{2E1p0q ` Cερ´10.
The right hand side is strictly less than 4δ2 for ε0 small enough depending on ρ, δ. From the definition of
E1ptq, the first assumption in pAq holds uniformly on r0, T q, which combined with the l2-bound of 9p in (5.24)
yields T “ 8.
Step 2. Decay estimates. To obtain a decay estimate, we introduce a second mixed weighted energy
E2ptq “ }pˆ}2V22 ` ε´1|p0 ´ p0˚ |2 ` ρ´10 〈Lpw,w〉L2 ` ε´1ρ´5}q}2l2 . (5.26)
From the definition of E2, the estimates (5.18) and (5.21) yield the initial bound
E2p0q ă 4δ2. (5.27)
Combining the second estimate on w from Lemma 5.2, the q-estimate from Lemma 5.1, and the V22-estimate
on pˆ from Lemma 5.5, we find a revised positive constant c˚ independent of ε, ρ, δ such that
d
dt
E2ptq ` c˚
´
ε4}pˆ}2V24 ` ε2|p0 ´ p0˚ |2 ` ρ´10}Lpw}2L2 ` ρ´5}q}2l2
¯
À ε´1ρ´10} 9p}2l2 ` ε}vK}2L2 ` ε´3}NpvKq}2L2 .
(5.28)
The remainder of Step 2 follows the approach of Step 1. We employ the upper bound on 9p from (5.25)
and the estimates on vK,NpvKq from (5.23) to eliminate these terms from the right-hand side so long as
ε0 ! ρ ! 1. We deduce that
d
dt
E2ptq ` c˚
2
´
ε4}pˆ}2V24 ` ε2|p0 ´ p0˚ |2 ` ρ´10}Lpw}2L2 ` ρ´5}q}2l2
¯
ď 0,
Since }pˆ}V22 ď }pˆ}V24 , the coercivity of Lp from (3.39) allows us to bound the positive term on the left-hand
side from below,
1
2
´
ε4}pˆ}2V24 ` ε2|p0 ´ p0˚ |2 ` ρ´10}Lpw}2L2 ` ρ´5}q}2l2
¯
ě ε
4
2
E2ptq.
This yields the E2-dissipation inequality
d
dt
E2ptq ` c˚ε
4
4
E2ptq ` c˚
4
´
ε4}pˆ}2V24 ` ε2|p0 ´ p0˚ |2 ` ρ´10}Lpw}2L2 ` ρ´5}q}2l2
¯
ď 0.
Multiplying both sides by ec˚ε
4t{4 and integrating with respect to time from 0 to t yields
ec˚ε
4t{4E2ptq `
ż t
0
ec˚ε
4τ{4
´
ε4}pˆ}2V24 ` ε2|p0 ´ p0˚ |2 ` ρ´10}Lpw}2L2 ` ρ´5}q}2l2
¯
dτ ď E2p0q,
from which we deduce the asymptotic decay of the E2 on the ε´4 time-scale,
E2ptq ď e´c˚ε4t{2E2p0q @t P r0,8q. (5.29)
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The decay estimates in (5.15) and (5.29) follow. Moreover the relaxation of the weighted norms is controlled
by the initial energy,ż 8
0
ec˚ε
4τ{4
´
ε4}pˆ}2V24 ` ε2|p0 ´ p0˚ |2 ` ρ´10}Lpw}2L2 ` ρ´5}q}2l2
¯
dτ ď E2p0q. (5.30)
The bound (5.27) on E2p0q yields the temporal estimate (5.17) for k “ 4, which implies them for k ă 4.
Step 3. Relaxation of the translation parameters. The decay from step 2 shows that the translational
parameters p1,2 converge an equilibrium point p1˚,2 close to the initial value. In fact for k “ 1, 2 and any
t1 ď t2 on r0,8q
|pkpt2q ´ pkpt1q| ď
ż t2
t1
| 9pkpτq| dτ ď
ż t2
t1
} 9p}l2 dτ,
which combined with (5.25) implies
|pkpt2q ´ pkpt1q| À
ż t2
t1
´
ε3|p0 ´ p0˚ | ` ε4}pˆ}V24 ` ε2ρ´4}Lpw}L2 ` ε2ρ´2}q}l2
¯
dτ.
We use the weighted norm relaxation estimate (5.30) and Ho¨lder’s inequality to bound the right-hand side.
The integral of the |p0 ´ p0˚ |-term satisfiesż t2
t1
ε3|p0 ´ p0˚ |dτ ď ε3
ˆż t2
t1
ec˚ε
4τ{4|p0 ´ p0˚ |2 dτ
˙1{2 ˆż t2
t1
e´c˚ε
4τ{4 dτ
˙1{2
,
À
ˆż 8
0
ec˚ε
4τ{4ε2|p0 ´ p0˚ |2 dτ
˙1{2
e´c˚ε
4t1{8 À e´c˚ε4t1{8E1{22 p0q.
The other terms have similar or better bounds and from (5.27) we have
|pkpt2q ´ pkpt1q| À e´c˚ε4t1{8δ.
We deduce that p1,2ptq converges to some unique equilibrium value p1˚,2 as time tends to 8. In particular,
taking t1 “ 0, t2 “ t yields
|pkptq ´ pkp0q| À δ, @t P r0,8q.
We conclude that p1,2ptq stays in a Cδ-neighborhood of initial data for some positive constant independent
of ε, ρ, δ. The proof is complete.

The projection of u “ uptq onto the bilayer manifold defines the meander parameters p “ pptq and induces
a normal velocity on Γp defined through (4.8). As shown in (4.37) of Corollary 4.10 given an interface Γp,
the curvature induced velocity Vp, defined in (4.9), drives the actual normal velocity Btγp ¨np. The following
result quantifies this relation for all p P O2˝,δ.
Proposition 5.9. There exists a C ą 0, independent of ρ, δ and ε0 such that for all p P O2˝,δ and all
ε P p0, ε0q the normal velocities satisfy the error bound
}Btγp ¨ np ´ Vp}L2pIpq ď C
´
ε9{2ρ´4 ` ε4δ}pˆ}V24
¯
. (5.31)
Proof. From the triangle inequality we have the relation
}Btγp ¨ np ´ Vp}L2pIpq ď}ΠG1 pBtγp ¨ np ´ Vpq}L2pIpq `
››ΠKG1Btγp ¨ np››L2pIpq
` ››ΠKG1Vp››L2pIpq , (5.32)
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where ΠKG1 “ I´ΠG1 is the complement to the Galerkin projection onto G1 Ă L2pIpq, the space spanned by
the first N1 Laplace-Beltrami eigenmodes. For the first term, from (4.37) of Corollary 4.10 and Lemma 4.13
we find that
}ΠG1 pBtγp ¨ np ´ Vpq}L2pIpq À ε´1}vK}L2} 9p}l2 ` pε5{2 ` ε5{2}pˆ}V24q}vK}L2 ` ε1{2}NpvKq}L2
` ε4|σ1˚ ´ σ| ` ε5 ` ε5}pˆ}V24 ` ε} 9p}l2 .
From estimates (5.21)-(5.22) and }vK}L2 ď }vK}H2in from the definition of H2 inner norm in (1.17), we bound
L2-norm of vK and NpvKq as
}vK}L2 À ε5{2ρ´2, }NpvKq}L2 À ε4ρ´4.
With these estimates, (5.20) with (5.15), and |σ˚ ´ σ1˚ | ď ε, for ε0 small enough depending on ρ we reduce
the bound on the first term of the right hand side of (5.32) to
}ΠG1 pBtγp ¨ np ´ Vpq}L2pIpq À ε9{2ρ´4 ` ε5ρ´2}pˆ}V24 ` ε} 9p}l2 . (5.33)
Bounding the last two terms in (5.32) requires a standard Sobolev estimate of the L2 projection to the high
frequency space GK1 in terms of H1-norm of a function. In fact for any function f “ fpspq P H1pIpq,
}ΠKG1f}L2pIpq ď β´1N1 }f}H1pIpq À ερ´1{4}f}H1pIpq. (5.34)
Here we used βN1 „ N1 with N1 bounded from below by (3.33). Applying the Sobolev estimate (5.34) twice
to Btγp ¨ np and utilizing the identity (4.14) yields the bound
}ΠKG1Btγp ¨ np}L2pIpq À ε2ρ´1{2
››› ÿ
jPΣ1
9pjξj
›››
H2pIpq,
where pξjq, with its components given in Lemma 2.9, is bounded in H2pIpq-norm, independent of ε for all
p P O2,δ. Hence for ε P p0, ε0q and ε0 ! ρ we deduce that
}ΠKG1Btγp ¨ np}L2pIpq À ε} 9p}l2 . (5.35)
To bound the last term in (5.32), we deduce from the definition of Vp in (4.9) and triangle inequality that
}ΠKG1Vp}L2pIpq À ε3|σ ´ σ1˚ |}ΠKG1κp}L2pIpq ` ε4}ΠKG1∆spκp}L2pIpq ` ε4}ΠKG1κ3p}L2pIpq.
The curvature κp does not lie in the N1-dimensional linear space G1. In fact, it admits the expansion (2.23),
for which the first two terms κp,0,Q1 P G1, and hence ΠKG1κp “ ΠKG1Q2. Applying (5.34), the estimate
(5.20), and the H1pIpq-bound of Q2 from Lemma 2.6 we find
ε3|σ ´ σ1˚ |}ΠKG1κp}L2pIpq À ε4ρ´1{4|σ ´ σ1˚ |}Q2}H1pIpq À ε9{2ρ´1{4
for all p P O2˝,δ. From the Sobolev embedding L8pIpq ãÑ H1pIpq, (2.23), the estimate }Q1}H1pIpq À
}pˆ}V23 À 1, and the H1pIpq-bound of Q2 from Lemma 2.6 we derive
ε4}ΠKG1κ3p}L2pIpq À ε5ρ´1{4.
Similarly, since G1 is invariant under ∆sp and Π
K
G1
∆spκp “ ΠKG1∆spQ2, applying the H2pIpq-bound of Q2
from Lemma 2.6 implies
ε4}ΠKG1∆spκp}L2pIpq À ε4}Q2}H2pIpq À ε4}pˆ}V22}pˆ}V24 .
Combining the above three estimates yields
}ΠKG1Vp}L2pIpq À ε9{2ρ´1{4 ` ε4}pˆ}V22}pˆ}V24 . (5.36)
Now returning the estimates (5.33) and (5.35)-(5.36) to (5.32) we obtain
}Btγp ¨ np ´ Vp}L2pIpq À ε9{2ρ´4 ` ε4}pˆ}V22}pˆ}V24 ` ε} 9p}l2 .
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The l2-bound of 9p with p P O2˝,δ from (5.25) completes the estimation. 
Remark 5.10. The dominant source of error in comparing the exact and formal normal velocity arises from
the truncation errror in the Galerkin projection of the surface diffusion term ∆spκp. For a general p P O2˝,δ,
the largest term in Vp is generically the surface diffusion term which scales like ε
4}∆sκp}L2pIpq „ δε3, while
its Galerkin residual ε4δ}pˆ}V24 À ε3δ}pˆ}V23 À δ2ε3 is smaller. The L2pIpq norm of the other terms in Vp
typically scale like ε7{2 or ε4.
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6. Appendix
We present technical results whose proof was deferred from the main presentation.
6.1. Results on the projection of the normal velocity.
Lemma 6.1. Under the assumption (2.9), the curvature of Γp admits the following projection identities:ż
Ip
κpΘ˜k ds˜p “ ´2piΘ0δk0 ´ β
2
k ´ 1
R20
pk1tkě3u `O
´
}pˆ}2V22
¯
ek,ż
Ip
κ3pΘ˜k ds˜p “ ´ 2piΘ0R20p1` p0q2
δk0 ´ 3pβ
2
k ´ 1q
R40p1` p0q2
pk1tkě3u `O
´
}pˆ}V22}pˆ}V23
¯
ek,ż
Ip
∆spκpΘ˜k ds˜p “ pβ
2
k ´ 1qβ2k
R40p1` p0q2
pk1tkě3u `O
´
}pˆ}V22}pˆ}V24
¯
ek1tkě1u,
for k P Σ1. Here e “ pejqN1´1j“0 denotes a possibly different unit vector in each line.
Proof. The curvature admits the expansion as in Lemma 2.6, and the quadratic term Q2 contributesż
Ip
Q2Θ˜k ds˜p “ O
´
}pˆ}2V22
¯
ek, (6.1)
while from the orthogonality (2.15) the projection of the linear term takes the formż
Ip
Q1Θ˜k ds˜p “ p1´ β
2
kqpk
R20
1tkě3u. (6.2)
The leading order term κp,0 contributesż
Ip
κp,0Θ˜k ds˜p “ ´2piΘ0δk0. (6.3)
Combining (2.23) with the identities (6.1)-(6.3) yields the first result of the Lemma. For the κ3p projection,
we expand
κ3p “ κ3p,0 ` 3κ2p,0Q1 ` Q˜2, (6.4)
where Q˜2 denotes quadratic terms in p and satisfies
|Q˜2| À |Q1|3 ` |Q2|3 ` |Q1|2|Q2| ` |Q1||Q2|2
Since |Q1| ` |Q2| À }pˆ}V2 À 1, the assumption (2.9) and the estimates above imply
}Q˜2}L2pIpq À }Q1}L8}Q1}L2pIpq ` }Q2}L2pIpq À }pˆ}V2}pˆ}V22 À }pˆ}V23}pˆ}V22 .
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Here we also used the embedding estimate in the perturbation space V, see Lemma 2.5. Since κp,0 is
independent of sp, the second identity of Lemma follows from (6.2), (6.3), the definition of κp,0 in (2.23),
and Ho¨lder’s inequality. For the Laplace-Beltrami curvature projection, we integrate by parts and use (2.17),
to find ż
Ip
∆spκpΘ˜k ds˜p “ ´β2p,k
ż
Ip
Q1Θ˜k ds˜p `
ż
Ip
∆spQ2 Θ˜k ds˜p. (6.5)
The first term on the right-hand side is dominant, and can be estimated by (6.2). The second term on the
right-hand side is higher order and can be bounded byˇˇˇˇ
ˇ
ż
Ip
∆spQ2 Θ˜k ds˜p
ˇˇˇˇ
ˇ À }pˆ}V22}pˆ}V24ek. (6.6)
The result follows. 
Recombining the identities in Lemma 6.1, yields the following.
Corollary 6.2. For Ak “ Akppq,Bk “ Bkppq defined in (4.26), there exists a unit vector pekq such that
Akppq “ ´ 2piΘ0δk0 ´ β
2
k ´ 1
R20
pk1tkě3u `Op}pˆ}2V22qek,
Bkppq “2piΘ0
ˆ
1
2R20p1` p0q2
´ α
˙
δk0 ´ β
2
k ´ 1
R20p1` p0q2
„
2β2k ´ 3
2R20
´ αp1` p0q2

pk1kě3
`Op}pˆ}V22}pˆ}V24qek1tkě1u `Op}pˆ}V22}pˆ}V23qek.
Lemma 6.3. Let h “ hpγ2pq enjoy the properties of Notation 2.1, then for j=0,1,2ż
∇jsphpγ2pqΘ˜k ds˜p “ Cpp0qδk0δj0 `Op}pˆ}V22`j q,ż
∇jsphpγ2pqεΘ˜1k ds˜p “ Op}pˆ}V22`j q.
Proof. From decomposition (2.29) the function h can be rewritten as hpγ2pq “ hpγ2p,0q ` phpγ2pq ´ hpγ2p,0qq,
and the integral of the leading order term hpγ2p,0q reduces toż
Ip
∇jsphpγ2p,0qΘ˜k ds˜p “ δj0hpγ2p,0q
ż
Ip
Θk ds˜p “ Cpp0qδk0δj0, (6.7)
where the constant Cpp0q depends only on p0. Here we note hpγ2p,0q is independent of sp by Lemma 2.7.
Moreover, we have the bound ˇˇˇˇ
ˇ
ż
Ip
∇jsp
`
hpγ2pq ´ hpγ2p,0q
˘
Θ˜k ds˜p
ˇˇˇˇ
ˇ À }pˆ}V22ek. (6.8)
The proof is complete. 
Lemma 6.4. Imposing assumptions (2.9), then there exist smooth functions Ck “ Ckpp0q for k “ 1, 2 such
that ż
Ω
pFpΦpq ´ F8mq dx “ C1pp0qε4 ` C2pp0qε4pσ ´ σ1˚ q `O
´
ε4}pˆ}V22 , ε5}pˆ}V24
¯
.
Proof. This is a direct result of the form of F given in Lemma 3.4 and the Lemma 6.3, details are omitted. 
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Lemma 6.5. There exists a unit vector e “ pekqN1´1k“0 such that the remainders defined in (4.28) satisfy
Rk,1ppq “ ε7{2pσ1˚ ´ σq
´
C1pp0qδk0 `Op}pˆ}V22qek
¯
` ε9{2C2pp0q `Opε9{2}pˆ}V24qek
Rk,2ppq “ ε11{2
´
C1pp0q ` C2pp0qpσ ´ σ1˚ q
¯
δk0 `O
´
ε11{2}pˆ}V22
¯
ek
where C1 and C2 are smooth functions of p0.
Proof. For Rk,1 in (4.28), we expand F as in Lemma 3.4 that is, F´F8m “ ε2F2`ε3pF3´F83 q`ε4pF4´F84 q`
e´`ε{νFe by noting F82 “ 0. Integrating out zp and using that the functions ϕ˜1,k “ ε´1{2ϕ1,kpzp,γ2pq, ϕ˜2,k “
ε´1{2ϕ2,kpzp,γ2pq from (3.30) enjoy the properties of Notation 2.1, the leading order contribution from F2
takes the form
ε7{2pσ1˚ ´ σq
ż
Ip
´
h1pγ2pqΘ˜k ` h2pγ2pqεΘ˜1k
¯
ds˜p.
Here we mention the dependence of ϕ1,k, ϕ2,k on sp are uniform in k so that Lemma 2.8 applies. Applying
Lemma 6.3 with j “ 0 we see that this term provides the leading order contribution to Rk,1. From the form
of F3,F4 in Lemma 3.4 and Lemma 6.3 we find that the remaining terms can be bounded by ε
9{2}pˆ}V24 .
To estimate Rk,2 we turn to the definition of Z1kp,˚ with k P Σ1 and use that ψ1 “ φ10{m1 has odd parity
to derive
Rk,2 “ C
ż
Ω
pFpΦpq ´ F8mq dx
˜
ε3{2
ż
Ip
´
h1pγ2pqΘ˜k ` h2pγ2pqεΘ˜1k
¯
ds˜p
¸
. (6.9)
Applying Lemma 6.3 to h1, h2, the identity (6.9) reduces to
Rk,2 “ ε3{2
´
Cpp0qδk0 `O}pˆ}V22qek
¯ ż
Ω
pFpΦpq ´ F8mq dx, (6.10)
which, combined with Lemma 6.4, yields the revised functions C1pp0q, C2pp0q which appear in the statement
of the Lemma. 
6.2. Weighted estimates. The proof of the weighted estimates in Corollaries 4.7 and 4.12 are based on the
following Lemma which is primarily an integration by parts.
Lemma 6.6. Let f “ fpspq be a function of sp. Then if f P H1pIpq there exists a unit vector pekq P l2
such that ż
Ip
fpspqβkΘ˜k ds˜p “ Op}∇spf}L2pIpqqek,
for k ě 3. Moreover if f PW 1,8pIpq, then there exists a matrix E bounded in l2˚ such thatż
Ip
fpspqΘ˜jβkΘ˜k ds˜p “ Op}∇spf}L8qEkj `Op}f}L8qβjEkj .
Proof. We observe from (2.17) that if we denote
θkps˜pq :“ ´p1` p0qR0β´1p,kΘ˜1kps˜pq, (6.11)
then
θ1kps˜pq “ βkΘ˜kps˜pq.
Hence through integration by partsż
Ip
fpspqβkΘ˜k ds˜p “ ´
ż
Ip
∇spfpspqθkps˜pqds˜p.
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In light of Lemma 2.8, we only need to show that tθk, k ě 3u are orthogonal to each other. Since
Θ˜1k “
# ´ βp,kΘ˜k`1 if k is odd;
βp,kΘ˜k´1 if k is even.
The orthogonality of θk follows from its definition and orthogonality of Θ˜k in (2.15). The first estimate
follows from the identity βp,j “ βj{pR0p1 ` p0qq. The second estimate is derived from similar arguments
using Lemma 2.8. 
Lemma 6.7. For k ě 3 and k P Σ1, we the quantities Ak,Bk defined in (4.26) satisfy the weighted
approximations,
βkAkppq “ ´β
2
k ´ 1
R20
βkpk `Op}pˆ}V22}pˆ}V23qek,
βkBkppq “ ´ β
2
k ´ 1
R20p1` p0q2
„
2β2k ´ 3
2R20
´ αp1` p0q2

βkpk `Op}pˆ}V23}pˆ}V24 , }pˆ}V22}pˆ}V25qek.
Proof. For the first approximation, since κp admits expansion (2.23) we can rewrite the definition (4.26) of
Ak as
βkAkppq “ ´κp,0
ż
Ip
βkΘ˜k ds˜p ` βk
ż
Ip
Q1Θ˜k ds˜p `
ż
Ip
Q2βkΘ˜k ds˜p.
The first term is zero since Θ˜k no mass for k ě 3; by (6.1) the second term equals
βk
ż
Ip
Q1Θ˜k ds˜p “ 1´ β
2
k
R20
βkpk,
and with the aid of Lemma 6.6 and the H1pIpq estimate of Q2 from Lemma 2.6 the third term is bounded
as ż
Ip
Q2βkΘ˜k ds˜p “ Op}pˆ}V22}pˆ}V23qek.
The first estimate follows. The approximation of Bkppq is derived from similar arguments through the use
of the higher-order estimates on quadratic term Q2 afforded by Lemma 2.6. 
Lemma 6.8. For k ě 3, the reminders defined in (4.28) satisfy the weighted estimates
βkRk,1 “ Opε7{2|σ1˚ ´ σ|}pˆ}V23 , ε9{2}pˆ}V25qek;
βkRk,2 “ Opε11{2}pˆ}V23qek.
Proof. This follows from arguments similar to those for Lemma 6.5, using the weighted estimates from
Lemma 6.6. The details are omitted. 
Lastly, we give a proof a Lemma 4.4.
Proof of Lemma 4.4. We first deal with the unweighted approximation for the three cases j “ 0, j “ 1, 2
and j ě 3.
Case 1: j “ 0. Using Lemma 2.9 to replace ξ0pspq in the integral we obtain
´
ż
Ip
ξ0pspqΘ˜k ds˜p “
ż
Ip
„
1´ p1` p0qBp0 lnA
A
pR0 ` p¯q ´ s˜pp¯
1
A

n0 ¨ npΘ˜k ds˜p.
From (2.25) and (2.21) the normal projection np ¨ n0 and length normalization A take the value one up to
a quadratic correction. This yields the leading order approximation
´
ż
Ip
ξ0pspqΘ˜k ds˜p “
ż
Ip
”´
1´ p1` p0qBp0 lnA
¯
pR0 ` p¯q ´ s˜pp¯1
ı
Θ˜k ds˜p `Op}pˆ}2V22qEk0.
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For k ě 1 the eigenmode Θ˜k has zero mass in L2pIpq. Using the definition (2.13) of p¯, the orthogonality
(2.15), and introducing U from (4.15) we arrive at the expansion
´
ż
Ip
ξ0pspqΘ˜k ds˜p “ p1` p0q
´
1´ p1` p0qBp0 lnA
¯
2piR20Θ˜0δk0 ´ p1` p0qpˆTUBk
`
´
1´ p1` p0qBp0 lnA
¯
p1` p0qpk1tkě3u `Op}pˆ}2V22qEk0.
Since |Bp0 lnA| À }pˆ}V22 from Lemma 2.6, and Θ˜0 “ Θ0 “ 1{
?
2piR0, we rewrite this expansion as
´
ż
Ip
ξ0pspqΘ˜k ds˜p “ p1` p0q
´
1`Op}pˆ}V22q
¯R0
Θ0
δk0 ´ p1` p0qpˆTUBk
` p1` p0qpk1tkě3u `Op}pˆ}2V22qEk0.
(6.12)
The second approximation for k ě 1 follows directly. The first estimate for k “ 0 follows by putting the
item involving U into the error.
Case 2: j “ 1, 2. Using Lemma 2.9 to replace ξjpspq in (4.23), we have
´
ż
ξjpspqΘ˜k ds˜p “
ż
Ip
Θ0Ej ¨ npΘ˜k ds˜p
Since np “ n0 `Op}pˆ}V1q by Lemma 2.6 and applying identity (2.16) we find
´
ż
ξjpspqΘ˜k ds˜p “
ż
Ip
ΘjΘ˜k ds˜p `Op}pˆ}V22qEkj ,
“ p1` p0qδjk `Op}pˆ}V22qEkj .
Here we used }Θ˜j ´Θj}L2pIpq À }pˆ}V22 by its definition in (2.13).
Case 3: j ě 3. We follow the case j “ 1. Using Lemmas 2.9 and 4.3, we write
´
ż
Ip
ξjpspqΘ˜k ds˜p “
ż
Ip
„
Θ˜j ´ p1` p0qBpj lnA
A
pR0 ` p¯q

n0 ¨ npΘ˜k ds˜p.
Approximating the normal projection n0 ¨ np with (2.25) and using the orthogonality of tΘ˜ku in (2.15) we
derive
´
ż
Ip
ξjpspqΘ˜k ds˜p “
ż
Ip
„
Θ˜j ´ p1` p0qBpj lnA
A
pR0 ` p¯q

Θ˜k ds˜p `Op}pˆ}2V22qEkj
“ p1` p0qδjk `Op}pˆ}2V22qEkj .
Here we also used the l2 upper bound of ∇pA in Lemma 2.6. The last identity for the case j ě 3 follows.
Now we deal with the weighted case for k ě 3. In fact, similar derivation showsż
Ip
ξjpspqβkΘ˜k ds˜p “ p1` p0qβkδkj ´ p1` p0qpˆTUBkδj0 `
ż
Ip
RrξjsβkΘ˜k ds˜p,
where the remainder term Rrξjs is given by
Rrξjs “
$’’’’’&’’’’’%
´ p1` p0qBp0 lnA
A
pR0 ` p¯qn0 ¨ np ´R0 ´ s˜pp¯1
´n0 ¨ np
A
´ 1
¯
j “ 0;
Θ0
´
Ej ¨ np ´ Θ˜j
¯
j “ 1, 2;
Θ˜jn0 ¨ pnp ´ n0q ´ p1` p0qBpj lnA
A
pR0 ` p¯qn0 ¨ np, j ě 3.
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We observe Rrξjs involves only the zero and first derivatives: p¯, p¯1. Note that np ¨ n0 and A is one up to a
quadratic error by Lemma 2.6. The contribution from the remainder is estimated through Lemma 6.6 from
the appendix. 
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